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Resumo

Estudamos os conjuntos de rotagao para homeomorfismos homotdpicos a identidade
no toro T¢, d > 2. No cendrio conservativo, provamos que existe um subconjunto residual
de Baire do conjunto Homeog (T?) de homeomorfismos conservativos homotdpicos a
identidade, de modo que o conjunto dos pontos com conjunto de rotacao pontual selvagem
¢ um Baire subconjunto residual em T?, e que ele carrega pressao topolégica completa e
dimensao média da métrica completa. Além disso, provamos que, para qualquer dimensao
d > 2, o conjunto de rotacao de homeomorfismos conservadores genéricos C° em T? é
convexo. Resultados relacionados sao obtidos no caso de homeomorfismos dissipativos
no toro. Os resultados anteriores baseiam-se na descricao da complexidade topolégica do
conjunto de pontos com comportamento historico selvagem e na densidade de medidas
periédicas para aplicagoes continuos com a propriedade de colagem de 6rbita (em classes

recorrentes de cadeia).

Palavras chaves: Conjunto de rotagao; Homeomorfismo do toro, comportamento
histérico, entropia total, dimensao media métrica; propriedade de colagem de drbita;

Especificacao.



Abstract

We study the rotation sets for homeomorphisms homotopic to the identity on the torus
T¢, d > 2. In the conservative setting, we prove that there exists a Baire residual subset
of the set Homeog »(T?) of conservative homeomorphisms homotopic to the identity so
that the set of points with wild pointwise rotation set is a Baire residual subset in T2,
and that it carries full topological pressure and full metric mean dimension. Moreover, we
prove that, for every d > 2, the rotation set of C%-generic conservative homeomorphisms
on T? is convex. Related results are obtained in the case of dissipative homeomorphisms
on tori. The previous results rely on the description of the topological complexity of the
set of points with wild historic behavior and on the denseness of periodic measures for

continuous maps with the gluing orbit property (on chain recurrent classes).

Keywords: Rotation sets; homeomorphisms on tori; historic behavior; topological

entropy; metric mean dimension; gluing orbit property; specification.
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Introduction

In this work we address and relate some fundamental concepts in topological dynamical
systems, namely topological pressure (including topological entropy), metric mean
dimension and generalized rotation sets for homeomorphisms on compact metric spaces.
Topological entropy and metric mean dimensions are two measurements of the dynamical
complexity, which are particularly important for continuous dynamical systems. While
the first is a topological invariant, it is typically infinite for a C°-Baire generic subset
of homeomorphisms on surfaces [53]. On the other hand the second one, inspired by
Gromov [21] and proposed by Lindenstrauss and Weiss, is a sort of dynamical analogue of
the topological dimension, depends on the metric it is bounded above by the dimension of
the ambient space [29]. In this way, the metric mean dimension may be used to distinguish
the topological complexity of surface homeomorphisms with infinite topological entropy.

Our main motivation is to describe rotation sets for homeomorphisms homotopic to
the identity on tori. The rotation number of a circle homeomorphism f, introduced by
Poincaré [44], is defined by

o(f) = Tim @ =2 oan) (0.0.1)

n—oo n

where z € S! and F is a lift of the circle homeomorphism to R, a lift of a map f is
amap F: S! — S! that satisfies f o™ = m o F. The rotation number is independent
of F' and x, and constitutes a very useful topological invariant (see e.g. [13]). The
situation changes drastically in the case of one-dimensional endomorphisms and higher-
dimensional homeomorphisms. This concept was first extended for continuous maps of
degree one in the circle in which case the limit (0.0.1) does not necessarily exist, its
accumulation points form a (possibly degenerate) interval and such a limit set defines a
rotation interval which depends on the point = ([36]). A generalization of rotation theory
to a higher dimensional setting was studied by Franks, Kucherenko, Kwapisz, Llibre,
MacKay, Misiurewicz, Wolf and Ziemian among others (see [19, 20, 31, 33, 34, 35] and
references therein) for homeomorphisms homotopic to the identity, where the notion of

rotation sets extend the concept of rotation number for circle homeomorphisms. Although



rotation sets are not a complete invariant, their shapes can be used to describe properties
of the dynamical system, as we now illustrate. If f is a homeomorphism on the torus T¢
(d > 2) homotopic to the identity, 7 : R? — T4 = RY/Z? is the natural projection and
F:R% — R4is alift for f (cf. Appendix for more details), the rotation set of I is defined
by

F™i(z;) — 2
p(F)z{vE]Rd c 3z, eR* In; S oo hmﬂzv}, (0.0.2)
i—$00 n;
and the rotation vector of a point z € R? is (if the limit exists)
F'(z) —
p(F,z2) := lim ﬁ (0.0.3)
n—00 n

Given x € T? we define p(F,z) by (0.0.3) (note that the previous expression does not
vary in m~!(x)). The previous sets are compact and connected subsets of R? (see e.g.
Subsection 1.2 and [30, 34] for more details). In the 2-torus, the rotation set is convex
(it may fail to be convex in higher dimensional torus, [35]) but there are compact convex
sets of the plane that are not the rotation set of any torus homeomorphisms [27, 34].
Nevertheless, for every convex polygon K C R? there exists a homeomorphism f on T?
homotopic to the identity so that p(F) = K [33].

Building over the work of Koropecki and Guihéneuf [23], and Passeggi [39], we
derive several consequences on the convergence of the rotation vectors in the case of
homeomorphisms homotopic to the identity on the torus T2.

Our starting point is a result due to Passeggi [39] which asserts that there exists a C-
open and dense subset U of the set of homeomorphisms of the torus T? so that for every
f € U the rotation set p(F') is a (eventually degenerate) polygon with rational vertices.
The rotation set of an axiom A diffeomorphisms is a rational polygon. A. Guihéneuf and
A. Koropecki [23] proved in the area-preserving setting that there exists a C°-dense set of
homeomorphisms whose rotation set is a polygon with nonempty interior. we are mainly
interested in addressing rotation theory for continuous flows on tori. We will focus mainly
in the three-dimensional setting, inspired by results for homeomorphisms on surfaces and
what one can expect from suspension flows.

The specification property, introduced by Bowen [10], corresponds to a strong
shadowing of pieces of orbits, it was very important to study the topological and ergodic
features of the dynamical system. Other similar notions have been introduced to study
specific problems where the specification property failed. In particular, the concept of
gluing orbit property, introduced by Bomfim and Varandas in [7], proved to be an useful
tool to replace the specification property e.g. in the study of multifractal formalism for
non-uniformly hyperbolic flows. The flexibility of the gluing orbit property, comparing

to specification, is the existence of jumps bounded above by a positive integer m(e) (see
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Subsection 1.4.3). Just as an illustration it can be proved that the gluing orbit property
hold for suspension flows over a map with gluing orbit property. It follows immediately
that the gluing orbit property implies the specification property. We try to study the
relationship between gluing orbit property and rotation set, expressed in Theorems C and
D.

We will focus on the realization of convex sets as rotation sets (see Subsection 1.2
for the definition). More precisely, if f is a homeomorphism on T¢, g > 2, and the map
F:R? — R?is a lift:

1. given a compact and convex set K C p(F), does there exist v € T? and z € 7 1(2) €
R? such that p(F,z) = K?

2. if the previous holds, what is the size of such set of points in T%?
3. how commonly (in f) is p(F') convex?

Concerning the first question we note that if f is a homeomorphism isotopic to the identity
on T? and F is a lift then: (i) for every rational vector v € p(F) in the interior of p(F’)
there exists a periodic point x € T¢ so that p(F,T) = v [19]; (ii) for any vector v in the
interior of p(F) there exists a non-empty compact set A, C T? so that p(F,Z) = v for
every © € A, [34] (iii) for any compact connected C' is the interior of the convex hull of
vectors in p(F') which represent periodic orbits of f there exists a point x € T? so that
p(F,z) = C [30].

It seems that much less is known as an answer to the second question. Building
over [23, 39] we prove that C°-generic conservative homeomorphisms homotopic to the
identity on T? are so that the set of points for which the rotation vector is not well
defined (equivalently, the limit defined by (0.0.3) does not exist) form a Baire residual,
full topological pressure and full metric mean dimension subset of T2. In the case of
dissipative homeomorphisms homotopic to the identity we prove that the gluing orbit
property is typical among the chain recurrent classes in the non-wandering set and we
use this fact to prove that for “most” surface homeomorphisms of T? homotopic to the
identity, the set of points with non-trivial (here non-trivial is equivalently to say that is
just a vector) pointwise rotation set is topologically large (Baire residual, full topological
entropy and metric mean dimension) in a positive entropy chain recurrent class.

Finally, concerning the third question, we refer that Passeggi [39] proved that an
open and dense subset set of homeomorphisms on T? homotopic to the identity so
that the rotation set is a rational polygon. Here we prove that C°-generic conservative

homeomorphisms homotopic to the identity on the torus have a convex rotation set,



providing an answer to this question. We also obtain related results in the dissipative
context.

The previous results fit in a more general framework, namely the description of the
topological complexity of the set of points with historic behavior (also known as irregular,
exceptional or non-typical points) from the topological viewpoint, and the density of
periodic measures. Given a continuous map f : X — X on a compact metric space (X, d)
and a continuous observable ¢ : X — R? (d > 1), the set of points with historic behavior
with respect to ¢ is

=

n—1
Xy g = {x € X: lim Zgo(f’(a:)) does not exist}.
=0

n—oo N,

The term historic behavior was coined after some dynamics where the phenomena
of the persistence of points with this kind of behavior occurs [46, 50]. Birkhoft’s ergodic
theorem (applied to the coordinates of ¢) ensures that X, s is negligible from the measure
theoretic viewpoint, as it has zero measure with respect to any invariant probability
measure. It was first proved by Pesin and [41], and by Barreira and Schmelling [4], that
in the case of subshifts of finite type, conformal repellers and conformal horseshoes the
sets X, 5 are either empty or carry full topological entropy, and full Hausdorff dimension
[4, 41]. Several extensions of these results have been considered later on, building mainly
over the concept of specification introduced by Bowen in the early seventies and the
concept of shadowing (see e.g. [5, 11, 15, 25, 38, 51, 52] and references therein).

Here we obtain yet another mechanism to describe the topological complexity of
the set of points with historic behavior, and to pave the way to multifractal analysis.
In order to do so, we introduce the notion of relative metric mean dimension. Then,
given a continuous map with the gluing orbit property (a concept introduced in [7] in
the context of topological dynamical systems which bridges between uniform and non-
uniform hyperbolicity and extends the concept of specification) we prove that any non-
empty set of points with historic behavior has three levels of topological complexity: it
is Baire generic, it has full topological pressure and it has full metric mean dimension
(Theorems A and B). Moreover, we prove that the latter holds for typical pairs (f, )
of homeomorphisms and continuous observables (Corollary A), building over the fact, of
independent interest, that the gluing orbit property holds on the chain recurrent classes
of C%-generic homeomorphisms (Proposition 4.2.2).

This paper is organized as follows. Our main results are given in Chapter 2, where
where we make an overview in the proof. In Chapter 1 we describe the setting, some
preliminaries on the topological invariants and notions of complexity. In the Chapters

4 and 5 we prove the results on the rotation sets for homeomorphisms homotopic to
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identity, it is, Theorems D, C and E. Chapter 3 is devoted to the proofs for the results
on the set of points with wild historic behavior for maps with the gluing orbit property,
that are Theorem A and Theorem B.

Finally, in Section 7 we make some comments and discuss futures directions of

research.



Chapter 1

Preliminaries

1.1 The space of homeomorphisms homotopic to
identity

Let X be a compact metric space. Recall that we denote Homeo(X) as the space of

homeomorphisms on X endowed with the C%-topology given by the metric

deo(f, g) = max {Sup{d(f(l"), g(x))}, sup{d(f~"(2), 9_1(55))}}

zeX reX

for every f,g € Homeo(X). Two homeomorphisms f,g : X — X are homotopic if there
exists a continuous function H : [0,1] x X — X (homotopy between f and g) such that
H(0,z) = f(z)and H(1,z) = g(z) for every x € X. If H is a homotopy between f and
g, then it defines a family of continuous functions H; : X — X given by H(x) = H(t, z).
Two homeomorphisms f, g : X — X are isotopic if there exists a homotopy H between f
and ¢ such that for every t € [0,1] the map H; : X — X is a homeomorphism. It follows

from [18] that the previous concepts coincide for homeomorphisms on R%. More precisely:

Theorem 1.1.1. [18, Theorem 6.4] If h is a homeomorphism of R* onto itself, homotopic
to the identity then h is isotopic to the identity.

We denote Homeo,(X) C Homeo(X) the space of homeomorphisms on X homotopic
to the identity and let Homeo,,(X) be the subspace of Homeo,(X) formed by the
area-preserving homeomorphism (f is area-preserving if Leb(f1(A)) = Leb(A) for all
A C X measurable). In other words, Homeo, , (X) := Homeo,(X) N Homeo, (X), where
Homeo, (X) consisting of area-preserving homeomorphisms. Theorem 1.1.1 ensures the

following
Proposition 1.1.2. Homeoy(T?) is an open set in Homeo(T?).
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Proof. Fix f € Homeoy(T?). Let g C%near to f. Given F,G : R? — R? lifts of f and g,
respectively. Take Hy(x) = tF(z) + (1 — t)G(z) the homotopy between F' and G, with
t € [0, 1]. Note that

he(y) := m o Hy(x)

where y = 7(x), is a homotopy between f and g and, as f is homotopic to identity, we
conclude that g is homotopic to identity. By Theorem 1.1.1, f and g are isotopic to the
identity. O]

As consequence of the proposition above 1.1.2, Homeoy,(T?) is C°-open in
Homeo, (T?).

1.2 Rotation sets for homeomorphisms in T¢

In this subsection we recall briefly some notions and properties of rotation sets (see
[34, 35] for more details and proofs).

Let f : X — X be a continuous map and ¢ : X — R? (d > 1) be a continuous
function. The rotation set of ¢, denoted by p(p), is the set of limits of convergent
sequences (= S o(fi(2;)))2,, where n; — oo and z; € X. Given € X, let V,(v)

ng

denote the accumulation points of the sequence ( S o(fi(2)))ns1, and let

V= Vilo)
rzeX
be the pointwise rotation set of p. In the case that V,(z) = {v} we say that v is the
rotation vector of x. Finally, given an f-invariant probability measure p on X we say

that [ @du is the rotation vector of p and denote it by V,(u).

In the special case that X = T¢ = R?/Z4, f € Homeoy(T?), 7 : R? — T¢ is the natural
projection, F' : R? — R? a lift for f (cf. Appendix for more details), and the displacement
function ¢ : T — R? is defined by pp(7(2)) = F(2) — z, then

’I’Li—l ni—l
1

nli D er(fi(r(z) = — D (F™H (=) = Fi(=)) = ilz) — 4

mn.

n.
v =0 7

with z; € R? and n; > 1. Using that o is constant on 7~1(z) for every x € T? it induces
a continuous observable in T¢, which we still denote by ¢p with some abuse of notation.
Hence, the rotation set of F', denoted by p(F'), defined in [35] as the limits of converging

sequences

n’i >zi€R2,n121



In other words v € p(F), if and only if there are #; € R? and integers n, with

lim; 1o n; = 0o such that

lim —_— = V.
i—+-00 n

Given x € R?, let p(F,z) = V,.(x) and p,(F) =V, denote the pointwise rotation set
of x and the pointwise rotation set of F' as defined before with respect to the observable
¢, which fit in the previous context. It is, given € T%, we define pointwise rotation set
of x, as the limits of converging sequences

(W)nzf

1 7

where T € 771 (z).

and pointwise rotation set of F' by p,(F) = U p(F,x).

z€R4
The rotation set induced by the ergodic probability measures is pe,q(F) := { [ opdp :

€ M(f)}, where M. (f) denote the set of f-invariant and ergodic probability measures
(analogous for p;,, (F) using the space M, (f) of f-invariant probability measures).
We recall that

perg(F) € py(F) € plF) € pins(F) (1.2.1)

and that py,,(F) is convex. Moreover, if f € Homeoy(T?) then
p(F) = Conv p(F) = Conv(py(F)) = Conv (perg(F)) = pina(F)
where Conv(K') denotes the convex hull of K, ie, Conv(K) = ({C : C'is convex and K C

C'}, (see [34]).

Remark 1.2.1. Given f € Homeoy(T?) and two lifts F' and G of f, we have that F—G € Z*.
In addition, p(F) = p(G) mod Z2.

For homeomorphism homotopic to identity on torus T? we have the following results:

Theorem 1.2.2. [35] If f € Homeo,(T?) and v € p(F) N Q? is an extremal point, then
there erists * € R? such that p(F,z) = v; In particular, there exists an ergodic measure

f-invariant p such that [ odp = v;

Theorem 1.2.3. [19] If f € Homeo,(T?) and u € int(p(F)) N Q?, then there exists a
periodic point x € T? of f such that p(F,T) = u.

Theorem 1.2.4. [34] If f € Homeoy(T?) and u € int(p(F)) N Q?, then there exists
a non-empty closed f-invariant K C T? such that p(F,x) = u for every x € 7 1(K).

Moreover, there exists an ergodic measure f-invariant i such that [ ppdp = u;



The following useful results are due the Libre and Mackay [30].

Theorem 1.2.5. [30, Theorem 1] If f € Homeoy(T?) and F is a lift of f then the
following hold: (i) if p(F') has nonempty interior, then f has positive topological entropy;
and (i) if A C p(F) is a polygon whose vertices are given by the rotation vectors of
(finitely many) periodic points of f, then for any compact connected D C A there is
r € T? and & € 7~ () so that p(F,z) = D.

The rotation set can be calculated on non-wandering. More precisely:

Proposition 1.2.6. If f € Homeoy(T?), then p(F) = Conv(p(F|r=1(2(f)))), where Q(f)

15 the non-wandering set of f.

Proof. Clearly p(F) 2 Conv(p(F|n=*(2(f)))). Let v an extremal point of p(F), then by
item (i) of Theorem 1.2.2, there is an ergodic measure f-invariant p such that [ pdp = v,
consequently v € peo(F) C p,(F). Thus, we obtain x € R? such that p,(F,x) = v, where
r e m 1 (Q(f)). Since

pp(Flm=H(QU[))) € p(Flm(Q(f))) € Conv(p(F|x~ (Q(f))))

and p(F) is convex we get that p(F) C Conv(p(F|m=1(Q(f)))). O

1.3 Rotation sets for continuous flows in T¢

Let us now recall the definition of rotation vectors and rotation set for flows proposed
by Franks and Misiurewicz in [20].

Let M be an n-dimensional Riemaniann closed manifold with n > 2. Let X°(M) the
set of continuous vector fields X : M — TM. Let X € X%(T%), (X;); a flow generated by
X and (Y;), lift of (X3); (cf. Appendix for more details about lift). The rotation set of a

continuous flows (Y;);, denoted by p((Y;):), is the set of limits of convergent sequences of

Y;Z(xz) —x; "~
t i:l,

in other words v € p((Y;),) if and only if there are x; and ¢; with lim,; , , t, = oo such
that

lim —— =w.
i—+00 tl
The rotation vector of x € R is defined by
. Yi(x)—=x
p((¥2) = lim “E (13.)

9



if the limit exists. The pointwise rotation set of the continuous flows (Y;); is the set

p()e) = | p(¥)es ).

z€R4
Remark 1.3.1. Two comments are in order. The rotation set can also be defined via time-1
maps of the flows (see Proposition 1.3.2 for more details). Moreover, if the flows (Y;); on
R3 are generated by a vector field Y, the rotation vector (1.3.1) can be the computed by

time average of then vector field along the orbit:
1 t
p((Ye)e,v) = lim = [ Y(Yi(v))ds. (1.3.2)

t=+o0 T Jq
Proposition 1.3.2. If (X;); is a flow generated by X and (Y;); is a lift of (Xy)s, then
p((Ye)e) = p(Y1).

Proof. Let v € p((Y;);), then there exist ¢, € R with ¢; /* +0o and z; € R? such that
Yy (z;) — =

v= lim ——~ ,
i—+00 tz

Using Euclidean algorithm, one can write ¢, =n; - 1 +7;, with 0 <r, < 1, to get

v= lim
1—+400 n.

Taking z;, =Y, (z) and F =Y},

i

Frhi(z.) — 2.
v = lim (2:) = %
1—>-+00 nz’
This implies that v € p(Y7).
The other inclusion is immediate. Therefore, p((Y;):) = p(Y1). O

In comparison with the case of homeomorphisms we highlight that: the rotation set
of a flows on T? is a segment or a point [20]. Also, by Proposition 1.3.2 we have that if
(Y;): is a continuous flows on the torus T? with d > 2, then the rotation set p((Y;);) is

compact and connected.
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1.4 Shadowing, irregular set, specification and gluing
orbit properties

The concept of reconstruction of orbits in topological dynamics has gained substantial
importance for its wide range of applications in ergodic theory. Among these properties
it is worth mentioning the shadowing, specification and the gluing orbit properties.
Throughout, let f: X — X be a continuous map on a compact metric space X.

First we recall the definition of the shadowing property. Given § > 0, we say that (xy)
is a d-pseudo-orbit for fif d(f(xy), xgr1) < d for every k € Z. If there exists N > 0 so that
r, = x;,, v for all k € Z we say that () is a periodic 0-pseudo-orbit. Given z,y € X,
we say that x ~ y if for any § > 0 there exists a d-pseudo-orbit (z;),, for i = 1,..., k such
that 1 = z and f™(xy) = y. It is easy to check that ~ is an equivalence relation. Each
of the equivalence classes of ~ is called a chain recurrence class. Chain recurrence classes
are disjoint, compact and invariant subsets of X. The set of all chain recurrent points
encloses the topological complexity of the dynamics and every non-wandering point is also

chain recurrent.

Definition 1.4.1. We say that f satisfies the (periodic) shadowing property if for any € > 0
there exists § > 0 such that for any (periodic) d-pseudo-orbit (zj)x there exists y € X
(periodic of f) satisfying d(f*(y),zx) < € for all k € Z.

Let f: X — X be a continuous map on compact metric space (X, d). For z € X and
n € N, let f"(x) denotes the n—th iterate of z under f. That is, f"(z) = f(f" '(x)) and
f%(z) = 2. Let ¢ : X — R? be a continuous function. The Birkhoff average of o, denoted
by S, (@, x), is defined by

Sule.t) =5 Y (/@) (141

Define C,(v) = {x € X : nh_)ngo Sn(p,x) = v}, as the set of points for which the Birkhoff
averages converge to v, note that X = |, ) Co(v) U Xy ¢ for F' lift of f. Consider also
the set £, = {v € R?: X,(v) # 0}.

There are points € X such that the limit lim,_, S, (¢, ) may not exist. The set
of those points for which the above limit does not exist is called the irregular set for ¢
and it is denoted by X, ¢. That is,

Xo = {x € X: lim S,(p,z) does not exists}. (1.4.2)

n — o0

Note that by Birkhoff ergodic theorem, the irregular set has zero measure with respect

to any invariant measure.
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The specification property, introduced by Bowen [10], roughly means that an arbitrary
number of pieces of orbits can be “glued together” to obtain a real orbit that shadows the
previous ones with a prefixed number of iterates in between. Moreover, it configures itself
as an indicator of chaotic behavior (e.g. it implies the dynamics has positive topological

entropy).

Definition 1.4.2. We say that f satisfies the specification property if for any € > 0 there
exists an integer m = m(e) > 1 so that for any points z,z,,...,z, € X and for any
positive integers ny, ..., n, and 0 < py,...,p,_, with p; > m(e) there exists a point y € X
such that d(f7(y), f?(x,)) < ¢ for every 0 < j < n, and

d(frEmtpt - A (y) () < e

for every 2 <¢ <k and 0 <7 <mn,.

Finally, the gluing orbit property, introduced in [7], bridges between completely
non-hyperbolic dynamics (equicontinuous and minimal dynamics [8, 49]) and uniformly
hyperbolic dynamics (see e.g. [7]). Both of these properties imply on a rich structure on

the dynamics and the space of invariant measures (see e.g. [14, 8]).

Definition 1.4.3. We say that f satisfies the gluing orbit property if for any € > 0 there
exists an integer m = m(e) > 1 so that for any points x,,z,,...,2, € X and any
positive integers n,,...,n, there are 0 < p,...,p,_; < m(e) and a point y € X so that
d(f7(y), f/(x,)) < e for every 0 < j < n, and

d(fj+n1+p1+“'+ni—1+pi—l(y)7 f](gjz)) <eg

for every 2 < i < k and 0 < j <mn,. If in addition, y € X can be chosen periodic with
period Zle(ni + p;) for some 0 < p, < m(e) then we say that f satisfies the periodic
gluing orbit property.

We say that f satisfies 2-gluing orbit property if f satisfies the gluing orbit property
for k = 2 in the definition above.

It is not hard to check that irrational rotations satisfies the gluing orbit property [§],
but fail to satisfy the shadowing or specification properties. Partially hyperbolic examples
exhibiting the same kind of behavior have been constructed in [9]. Also notice that the

gluing orbit property is clearly a topological invariant.

Remark 1.4.4. Tt is clear from the definitions that the specification property implies the
gluing orbit property, which implies transitivity. For continuous dynamics on the interval
gluing orbit property and transitivity are equivalent, cf. dissertation [1]. It will be useful to

consider the (periodic) gluing orbit property on compact invariant subsets I', in which case
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Figure 1.4.1: An illustration of the gluing orbit property.

we demand only Definition 1.4.3 to hold for every small € but we require the shadowing

point z to belong to I

Proposition 1.4.5. Let f : X — X a continuous function with shadowing property. f
satisfies 2-gluing orbit property if and only if f has the gluing orbit property.

Proof. Suppose that f satisfies 2-gluing orbit property, we will show that f satisfies gluing
orbit property. Let ¢ > 0, let x,2,,...,2, € X and positive integers n,,ny,...,n;. Let
e, m(0) where ¢ is of the shadowing property associated to §, z;, x5, n, and n, by 2-gluing

orbit property there exists y; , so that

€ €
by m) S 5 and dy (P2 (2),2) < =
Analogous for z,, x5, n, and n4 there exists y, 3 so that
€ n €
dn, (Yo 3, T2) < B} and d,, (f 2 P2 (Y23), 73) < 5

In this way until integer k.
Note that d,, (f™*" (y1,2),2,3) < €. We can consider the following d-pseudo orbit (4
of the shadowing property):

Y2, f(Yr2)s - fn1<3/1,2)7 fn1+1(3/1,2)7 S fn1+pl_1(yl,2>7
Ya,3 f(yz,:a)v cey 2 (?/2,3)7 Jm2+1(?/2,3)> cee fn2+p2_1(yz,3)7
Yeorgor S Wi p)s s S5 (Yo 1), fnk+1(yk—1,k>7 R (Yp—1.8)»

f”k_1+P2+1(yk_Lk), e f"k—ﬁpﬁnkfl(yk—l,k)-

By property of the shadowing there exist a point y € X satisfying d(f*(y), z1) < e.
Take py,...,p, and y as above we have the desired. O

13



1.5 Reparametrization gluing orbit properties for

continuous flow

In this Section we define a notion of gluing orbit property for continuous flows
and reparametrized gluing orbit property for continuous flows, wich is weaker than
specification. The notion of reparametrized gluing orbit property was introduced in [6].

First we define gluing orbit property for continuous flow.

Definition 1.5.1. Let X € X°(M), (X;); a continuous flow generated by X we say that
(X¢): satisfies gluing orbit property if for any € > 0 there exists K = K (¢) € R, such that
for any points x1,xs, ...,z in M and times ¢y, ...,t; > 0 there are py,...,pr_1 < K(€)

and a point y € M so that
d(X(y), Xe(zy)) <€, Vtel0t]

and
d(Xt-i— i-1 t,+p, (y),Xt(xl)) <€ Vte [O,ti]

j=01;
for every 2 <i < k.
Denote by Rep the set of all increasing homeomorphisms 7 : R — R satisfying 7(0) = 0.

7 is called reparametrization. Fixing € > 0, we define the set

-7t
Rep(e) = {7 € Rep | %—1|< e, s,t € R}

of the reparametrizations e-close to the identity. It is, the reparametrization 7 belongs to
Rep(e) whenever the slopes formed by any two points in its graph belong to the interval
(1—¢,1+¢).

Now we define the reparametrized gluing orbit property for flow.

Let X € X(M), (X;): a continuous flow generated by X. We say that (X;); satisfies
reparametrized gluing orbit property if for any € > 0 there exists K = K(¢) € R such
that for any points x1, ...,z in M and times 1, ...,t; > 0, there are py, ..., pr—1 < K(e),
a reparametrization 7 € Rep(e) and a point y € M so that

d(XT(t)(y)vXt<xl)> <€, Vie [Oa tl]
and
for every 2 <i < k.
This notion is an extension of the original notion of gluing introduced by Bomfim and
Varandas in [7].

Note that if 7 € Rep(e) and p; is as above on the definition of gluing orbit property,
then 7(t +p1) —7(t) < (1+e)p1 < (1 +€)K(e).
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1.6 Pressure, entropy and mean dimensions

In this section we recall two important measurements of topological complexity, namely
the concepts of topological entropy and metric mean dimension, and introduce a relative
notion of the later. Our interest in the second notion is that, while a dense set of
homeomorphisms on a compact Riemannian manifold have positive and finite topological
entropy (by denseness of C'-diffeomorphisms) it is known that typical homeomorphisms
may have infinite topological entropy. In opposition, metric mean dimension is always
bounded by the dimension of the compact manifold and can be seen as a smoothened

measurement of topological complexity as we now detail.

Topological pressure

Let (X,d) be a compact metric space and ¢ € CY(X,R). Given ¢ > 0 and n € N,
we say that £ C X is (n,e)-separated if for every z # y € F it holds that d,(z,y) > e,
where d,(z,y) = max{d(f’(z), f/(y));7 = 0,...,n— 1} is the Bowen’s distance. Bowen'’s
dynamical balls are the sets B, (x,¢) = {y € X : d,(z,y) < €}. The topological pressure
of f with respect to 1 is defined by

il 1 Sutb(a)
Prop(f, ) = lim limsup - log (sup D e ,
zel
where S, ¢ (z) = Z;:ol (f7(x)) and the supremum is taken over every (n,¢)-separated
sets E contained in X. In the case that ¢» = 0, if s(n, ) denotes the maximal cardinality
of a (n,e)-separated subset of X, then the topological entropy is defined by
1
hiop(f) = lim lim sup — log s(n, €).

€20 pnooo N

The previous notion does not depend on the metric d and is a topological invariant.
Moreover, by the classical variational principle for the pressure, it holds that Py, (f,¢) =
sup{h,(f) + [vdu : p € M(f)}. However, the topological entropy of C°-generic
homeomorphisms on a closed manifold of dimension at least two is infinite [53] (the
same holds for the topological pressure as a consequence of the variational principle), in
which case neither the topological preassure nor topological entropy can distinguish such

dynamics.

Topological and metric mean dimension

Gromov [21] proposed an invariant for dynamical systems called mean dimension, that

was further studied by Lindenstrauss and Weiss [29]. The upper and lower metric mean
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dimension, which may depend on the metric, are defined in [28, 29] by

limy, 00 L log s(n, €)

mdim(f) = lim

e—0 —loge
and
lim Llog s(n, e
mdim(f) = lim ——>=n gs(n, ),
e—0 —loge

respectively. If the supremum and infimum limits agree, we denote the common value by
mdim(f). Observe that the latter quantitities are only meaningful whenever f has infinite
topological entropy. In the case that the metric space satisfies a tame growth of covering
numbers, the metric mean dimension satisfies a variational principle involving a concept

of measure theoretical mean dimension (cf. [28]).

Relative metric mean dimension

Since we aim to describe the topological complexity of (not necessarily compact) f-
invariant subsets we now introduce a concept of relative metric mean dimension using

a Carathéodory structure. Let Z C X be a f-invariant Borel set. Given s € R and
Y € C°(X,R) define

Q(Z,¢,5,T) = Z 051 HSn (B, (2,6) 414 M(Z,, s, ¢, N):irrlf {Q(Z,4,s,T)},

B, (z;e)€r

over all countable collections I' = {B,,(z;,¢)}, that cover Z and so that n; > N.
Since the function M(Z,1,s,e, N) is non-decreasing in N the limit m(Z,¢,s,e) =
lim M(Z,1),s,e,N) does exist. Then let

N—oo

Py(f,1,e) =inf{s € R: m(Z,4,s,e) =0} = sup{s € R: m(Z, 4, s,e) = co}.

where Sy, ¥(B,,(2;,€)) = SUPuep, (s, ZZQOI Y(f*(x))) and the infimum is taken

The existence of Pz(f,1,¢) follows by the Carathéodory structure [40]. The (relative)
topological pressure of f on Z with respect to v is defined by

PZ(fﬂb) :li_I}’(I)PZ(fvwag)’

We set hz(f,e) = Pz(f,0,¢) for every € > 0 and define the relative entropy of f on Z by
hz(f) = Pz(f,0) (which corresponds to the potential ¢ = 0).

The upper and lower relative metric mean dimension of Z are given by

hZ(fag) : IR T hZ(f,f':)
L0 and mdimy (f) = lim, "5

mdim,, (f) = lim._,o

respectively. If the previous limits coincide, we represent simply by mdim,(f) and refer

to this as the relative metric mean dimension of Z.
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Definition 1.6.1. We say that the f-invariant subset Z C X has full topological entropy
if hz(f) = hwop(f). We say that the f-invariant subset Z C X has full metric mean

dimension if mdim,(f) = mdim(f) and mdimyz(f) = mdim(f).

Remark 1.6.2. If f : X — X is a continuous map on a compact metric space and @ €
C°(X,R) then P, (f,v) = Px(f,%). Moreover, if the limits exist and coincide then

top
mdimy (f) = mdim (f). This follows from the fact that hy(f,e) = hy,,(f €) for any
e > 0, which can be read from the proof of [41, Proposition 4 | (actually in [41] the
authors use the definition of entropy using coverings and prove that hy (f,U) = h,,,(f,U)

for every open cover U).

Remark 1.6.3. The notion of Hausdorff dimension also involves a Carathéodory structure,
associated to the function Q(Z,s,I") = ZBM (ws.0)er diam( By, (;,€))* (see [40, Section 6]).
Inspired by [4] we expect that for continuous and transitive maps on the interval (these
satisfy the gluing orbit property, [1]) the set of points with historic behavior is either
empty or has Hausdorff dimension equal to one. We neither claim nor prove this fact

here.

We use the following generalization of Katok’s formula for pressure:

Proposition 1.6.4. [52, Proposition 2.5] Let (X,d) be a compact metric space, [ be

a continuous map on X and p be an f-invariant, ergodic probability. Given € > 0,

v € (0,1) and ¢ € CO(X,R) set NH(¢,7,e,n) = infp >, pexp { Sory w(fi(x))}, where
the infimum is taken over all sets E that (n,e)-span a set Z with u(Z) > 1—r~. Then

e—0 n—oo

1
h,(f)+ /@/}d,u = lim lim inf ElogN“(@/J,%s,n).
Remark 1.6.5. Given ¢ > 0 and ¢ € C°(X,R?), the variation in balls of radius ¢ is

var(p, ) = sup{| ¢(z) — ¢(y) |- d(z,y) <e}.

Since X is compact then var(p,e) — 0 ase — 0. As ¢ : X — R? is continuous (hence

uniformly continuous) and f is continuous then for every € > 0 there exists § > 0 such
that |2 3050 o(f1(2)) — £ X025 ¢(f'(y))l| < & whenever dy,(w,y) <.
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Chapter 2
Statement of the main results

In this chapter we expose our results. Before, recall that we denote by Homeo,(X) the
space of homeomorphisms on X homotopic to the identity and Homeo, ,(X) the space of

homeomorphisms on X homotopic to the identity that area-preserving.

2.0.1 Points with historic behavior for maps with gluing orbit
property

The results in this section, despite their own interest, will be key technical ingredients
in the characterization of rotation sets for homeomorphisms on tori. These applications
motivate to describe the set of points with historic behavior for observables taking values
on R? d > 1, and dynamical systems with the gluing orbit property (see Subsection 1.4
for the definition).

Let X denote a compact metric space, f : X — X be a continuous map, d > 1 be
an integer and ¢ : X — R? be a continuous observable. Given z € X, let us denote
by Vy(z) the (connected) set obtained as accumulation points of (= Z;:ol o(f(x)))n>1-
In the higher dimensional setting context, (d > 1) the set V, = [,y Vo(z) C R? of
all vectors obtained as pointwise limits of Birkhoff averages does not need connected or
convex.

A point x € X has historic behavior for ¢ (also known as exceptional, irreqular or
non-typical behavior) if the limit lim,_ & Z?:—é ©(f7(x)) does not exist. Moreover, we
say that € X has wild historic behavior if V,(z) and V,(x) = V, and we denote
Xpit:={x € X: V() =V,}. In rough terms, a point has wild historic behavior if the
Birkhoff averages have the largest oscillation in V,. We say that B C X is Baire residual
if it contains a countable intersection of open and dense subsets of X. Our first result

asserts that, if non-empty, the set of points with wild historic behavior is large from the
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category point of view.

Theorem A. Let X be a compact metric space, let f: X — X be a continuous map with

the gluing orbit property and let o : X — R? be continuous. Then:

1. either there is v € R? so that lim,, o = Z?;& o(fi(x))=v forallz € X,

2. or the set of points x € X so that the sequence (: Z;Z& o(f7(x)))n>1 accumulates

in a non-trivial connected subset of R? is Baire residual on X .

Moreover, if X,y # 0 then V,, is connected and the set of points with wild historic behavior

18 a Baire residual subset of X.

The next result establishes that the set of points with historic behavior has also large
complexity, now measured in terms of topological entropy and metric mean dimension.
We refer the reader to Subsection 1.6 for the notions of full topological pressure and full

metric mean dimension.

Theorem B. Let f : X — X be a continuous map with the gluing orbit property on
compact metric space X and let ¢ : X — R? be a continuous observable. Assume that

X, 7 (. Then X, carries full topological pressure and full metric mean dimension.

Under the previous assumptions, the set of points with historic behavior for ¢ is empty
if and only if there exists v € R? so that [¢du = v for every f-invariant probability

measure (cf. Lemma 3.2.1). We also prove the following:

Corollary A. Let X be a compact Riemannian manifold. There exists a C°-Baire residual
subset R C Homeo(X) x C°(X,R?) so that either hio,(f) =0 or X, ; has full topological
entropy for any pair (f,¢) € R.

2.0.2 Pointwise rotation sets of homeomorphisms on the torus
T2

In this section we address the questions concerning the pointwise rotation sets of torus
homeomorphisms homotopic to the identity (check Section 1.2 for more details about
rotation set). We note that the pointwise rotation set may fail to be connected and all
(see e.g. [30, Example 1]). Our first results ensure that there is a large set of points with
non-trivial pointwise rotation set of x. First we consider in the case of volume preserving

homeomorphisms.

Theorem C. There exists a Baire residual subset Ry C Homeog x(T?) so that, for every
f € Ry and every lift F : R? — R? of f:
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1. the pointwise rotation set p,(F') is connected;

2. the set of points x € T? such that p(F,T) is non-trivial (ie, p(F,x) # {v} for somev)
which coincide with p,(F) is a Baire residual subset of T?, it carries full topological

pressure and full metric mean dimension in T?.

Now we describe the counterpart of Theorem C on the space Homeo,(T?) of

homeomorphisms homotopic to the identity. Consider the set
A = {f € Homeoy(T?) : int(p(F)) # 0} .

All homeomorphisms in A have positive topological entropy [30]. Let €(f) denote
as usual the non-wandering set of f and consider the finite decomposition of Q(f) in its

chain recurrent classes. We prove the following:

Theorem D. There exists a Baire residual subset Ry C A so that, for every f € Ry there
exists a positive entropy chain recurrent class I' C Q(f) such that the set of points x € T’
for which p(F,T) is non-trivial is a Baire residual subset of I' that carries full topological

entropy and full metric mean dimension in I.

We observe that the Theorem C is due to specification, but in case dissipative, the

Theorem D, specification is not sufficient, thus we need of the concept of gluing orbit

property.

2.0.3 On the rotation set of homeomorphisms on the torus T¢
(d=2)

The shape of the different rotation sets for an homeomorphism f homotopic to
identity on the torus T have drawn the attention since these have been introduced (see
Subsection 1.2 for definitions). Focusing first on connectedness, the rotation set p(F)
(and each pointwise rotation set of z, denoted by p(F, ), where 7 € m~!(z)) is a compact
and connected set in R? [30, 35]. However, the pointwise rotation set p,(F) may fail to
be connected even when d = 2 [30]. As for convexity, p(F') is convex when d = 2, but
there are higher dimensional examples where it fails to be convex [35]. Our next result

ensures that rotation sets of torus homeomorphisms are typically convex.
Theorem E. For every d > 2:

1. there exists a Baire residual subset Rz C Homeoy x(T?) so that p(F) is conver, for

every lift F of a homeomorphism f € Rs; and
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2. there exists a Baire residual subset Ry C Homeoo(T?) so that p(F |z-1(r)) is convez,

for every chain recurrent class I' C Q(f) and every lift F' of f € Ry.

While the rotation set is always connected, in the case of dissipative homeomorphisms
Homeoy(T?) (e.g. Morse-Smale diffeomorphisms on the torus) the pointwise rotation set
need not to be connected. If the pointwise rotation set is connected then one can hope
that the “local” convexity statement in item (2) can be used to prove the convexity of

the rotation set.

2.0.4 Points with historic behavior for a lows with

reparametrized gluing orbit property

Our next results describe the set of points with historic behavior for continuous flows
with the reparametrized gluing orbit property. Before some definitions.

Let M be an n-dimensional Riemaniann closed manifold with n > 2. Let L > 0,
denote X°(M) the set of continuous vector fields X : M — TM and X' (M) the set of
Lipschitz continuous vector fields X : M — T'M with Lipschitz constant < L. We endow
X0(M) and X0 (M) with the C°-topology, ie, given X,V € X2 (M), X is e-close Y if
max,en || X (z) — X (y)|| < e. We denote by (X,), the flow associated to X € X" (M).

Let M a compact metric space, X € X°(M), (X;); a flow generated by X and ¢ :
M — R continuous. Define the irregular set for (X;); by

¢

1
I, = {x € M: lim - | ¢oX(x)ds does not exist } (2.0.1)

t—o00 0

Recall that A C M is (X;);-invariant if X;(A) = A, for all ¢ € R and that a finite
measure g on M is (X;);-invariant if u(X;(A) = A, for every measurable A C M and
t € R. Also note that I, has zero measure with respect to any ®-invariant measure.

A point x € M has historic behavior for ¢ (on the flow) if the limit lim; % fot Yo
X(z)ds does not exist.

For d > 2, define

L,={veR: A, (v) # 0}

where .

1
Ay (0) :={z e M: tlirn 7| eo Xs(z)ds = v}.
—00 0

We prove, for continuous flow with reparametrized gluing orbit property (check
Subsection 1.5 for definition) that:

Theorem F. Let Y € XY (M). If (Y;); is a flow generated by Y with the reparametrized

gluing orbit property on A compact and invariant and ¢ : M — R? is continuous, then
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the irreqular set of ¢ either trivial or Baire residual subset on A. In other word, if the
irreqular set of @ is non-trivial, then the set of points with historic behavior is a Baire

residual subset of A.
As consequence we have the following:

Corollary B. Let X € X°(M). If (X;); is a flow generated by X with the reparametrized
gluing orbit property on T where T is a chain recurrent class on Q((X;);) and o : M — R4

15 continuous, then the irreqular set of ¢ either trivial or Baire residual subset on I'.

In [6] is proved that: If M be a compact manifold there exists a C%residual subset
of vector fields X in X(M) so that every such vector field X has reparametrized gluing
orbit property in chain recurrent class I' C Q((X;);). This ensure the following.

Corollary C. Let M be a compact manifold. There exists a C°-residual subset of vector
fields X in X°(T?) so that if (X;); is a generated flows by X, ¢ : M — R? continuous and
I' C Q((Xy):) is a chain recurrent class, then the irreqular set 1, is either trivial or Baire

residual subset of T'.

2.0.5 Points with historic behavior for a suspension flow and

rotation set

Let M be a measurable space and f : M — M a measurable map and a measurable

roof function r : ¥ — [0,00). We can define the suspension flows (X;); over f by
Xt(xa 8) = ('Ta 5+ t)a

whenever the expression is well defined, acting on

M, ={(z,t) e X xR* : 0 <t <r(x)}/ ~

where ~ is the equivalence relation given by (z,r(z)) ~ (f(z),0) for all x € ¥. Note
that the coordinates of (X3); coincides with the flow along the vertical direction. More

precisely,
k—1

X, 5) = ()5 +t =D r(f(2))).

7=0
where k = k(z, s,t) is determined by Zf;é r(fi(z)) <s+t< Zfzor(fj(:v)).
Our next results describe the set of points with historic behavior for suspension flows

over a map with gluing orbit property. First, consider the following number:
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Ce=sup sup |[S,R(z)— S,R(y)| < oo, satisty %in% Ce =0, (2.0.2)
—

n21 yeB(z,n,¢)

The condition under C¢ is a bounded distortion property for the roof function. It is
not hard to check it holds e.g. for Holder continuous observables and uniformly expanding

dynamics. So, we have:

Theorem G. Let M be an n-dimensional Riemaniann closed manifold, f € Homeo(M)
with gluing orbit property and o : M, — R® continuous. Suppose that (X;); is a suspension
flow over f satisfying condition (2.0.2). Then, the irregular set of ¢ either trivial or Baire
residual subset on M. In other word, if I, is non-trivial, then the set of points with historic

behavior is a Baire residual.

Now, consider the suspension flows when f € Homeoy(T?). Since that f admits a lift
F we can then define a suspension flow (Y;); over F' so that (Y;); is a lift of (X;);. The
roof function in (Y;); is R : R? — (0, 00), defined by R(v) = r(7(v)). In this context, we
define the suspension flow to (Y;); acting on

(z,t) € M, :={(,t) e R* x Ry : 0 < ¢ < R(x)}/ ~,

where R : R? — (0, 00) is the roof function and ~ is the equivalence relation given by
(2, B(x)) ~ (F(2),0).

Passeggi in [39] proved that there exists an open and dense set D C Homeoy(T?) such
that for every f € D the rotation set p(F) is a polygon with finite rational vertices. So,

we have the following:

Theorem H. Let f € Homeo(T?). Suppose that f € D, that (X;); is a suspension flow
over f and the roof function r is coboundary, then the rotation set p((Y;):) is a polygon
rational, (where (Yy); is a lift of (Xy)¢). Moreover, if r is cohomologous to a rational

number, then the polygon has rational vertices.

2.0.6 Overview of the proof

Theorems A and B provide three distinct measurements of the topological complexity
of the set of points with historic behavior. Their proofs use the construction of points with
non-convergent Birkhoff averages by exploring the oscillatory behavior in the Birkhoff
averages of points that shadow pieces of orbits that are typical for invariant measures

with different space averages. The existence of such points is granted by the gluing orbit

property.
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If, on the one hand, the proof of Theorems A and B are inspired by [4, 25, 52|, the
arguments in the proof of Theorem B is much more challenging and presents novelties on
how to construct a ‘large amount’ of points whose finite pieces of orbits up to time n have
a controlled behavior and that are separated by the dynamics. This is crucial to estimate
topological pressure and metric mean dimension. While the construction of points with
non-convergent behavior can be obtained as a consequence of the gluing orbit property,
it is natural to inquire on the control on the number of such distinct orbits (measured
in terms of (n, g)-separability). We overcome this issue by selecting of a large amount of
orbits that are glued the same (bounded) time. Since this bound depends on &, so does
the estimates on the number of (n,¢)-separated points with controlled recurrence. This
requires shadowing times to be chosen large in order to compensate the latter. In [15] the
authors obtain similar flavored results using shadowing. Although both occur properties
hold CP°-generically there are several examples that satisfy the gluing orbit property and
fail to satisfy shadowing, which justifies our approach.

The first ingredient in the proof of Theorems C and D relies on the fact that each chain
recurrent class of C%-generic homeomorphisms satisfy the gluing orbit property. This will
ensure that any connected subset of the rotation set can be realized by the rotation set
along the orbit of a point relies on any vectors. Such a reconstruction of rotation vectors
as the orbit of a single point is formalized in Theorems A and B. In comparison with the
former, extra difficulties arise from the fact that the dynamics and the observables are
not decoupled and the fact that, in the case of dissipative homeomorphisms, the chain
recurrent classe(s) that concentrate topological pressure vary as the potential changes.
One could ask whether the Baire generic conclusion of Theorem D could extend to a
generic set of points in the whole chain-recurrent set (or the non-wandering set). For
instance, it is easy to construct an Axiom A diffeomorphism f on S? so that Q(f) =
{p1}UAU{ps}, where p; is a repelling fixed point, p, is an attracting fixed point and A is
an horseshoe. Recall that f is an Axiom A diffeomorphism if the set of periodic points is
dense in the non-wandering set Q(f) and Q(f) is hyperbolic (we refer, for instance, to [47]
for the construction of such examples). The existence of a filtration for homeomorphisms
C%-close to f imply that the Baire generic subset in the statement of Theorem D can only
be contained in a neighborhood of the basic piece A for all C°-close homeomorphisms.
Moreover, the assertion concerning positive entropy seems optimal. Indeed, it may occur
that there exists a unique chain recurrent class of largest positive topological entropy and
whose (restricted) rotation set have empty interior or even reduce to a point, in the case
of pseudo-rotations. Related constructions include [17, 45].

Theorems E relies on the fact that under the specification, or the gluing orbit property,
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the space of periodic measures is dense in the space of all invariant measures. Under any
of these assumptions, the generalized rotation set coincides with the rotation set obtained
by means of invariant measures, thus it is convex.

The Theorem F and G are an attempt to generalize from Theorem A, the strategy to
proof of the F is also similar. Finally, the Theorem H is a relationship between suspension

flow and rotation set.
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Chapter 3

The set of points with historic

behavior

The main goal of this chapter is to prove Theorems A and B, which claim that the
set of points with historic behavior for continuous maps with the gluing orbit property is
topologically large. Actually, this is established by means of three different measurements
of topological complexity: Baire genericity, full topological entropy and full metric mean
dimension. The arguments involved in the proofs of Theorems A and B are substantially

different and their proofs occupy Sections 3.1 and 3.2, respectively.

3.1 Baire genericity of historic behavior and proof of

the Theorem A

This section is devoted to the proof of Theorem A, whose strategy is strongly inspired
by [2, 25]. The differences lie on the fact that, due to the higher dimensional features of
observables, we need to restrict to connected subsets in the set of all accumulation vectors,
and that we have transition time functions instead of a determined time to shadow pieces
of orbits (see Remark 3.1.3 below).

Let f: X — X be a continuous map with the gluing orbit property on a compact
metric space X and let » : X — R be a continuous function so that 1, is non-trivial.

Let A C V, a non-trivial connected set, define
Xa = {xeX: ACV(p(x)}. (3.1.1)

Note that for all A C V, hold that Xx C X, ;. Theorem A will be a consequence of the

following:
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Proposition 3.1.1. Let X be a compact metric space, f € Homeo(X) satisfy the gluing
orbit property, ¢ : X — R? be continuous such that V, is non-trivial. If A C V, is a

non-trivial connected set, then X 1s Baire residual in X.

Remark 3.1.2. The set V,, corresponds to the pointwise rotation set of ¢, which needs not
be connected in general. Since Baire residual subsets are preserved by finite intersection, a
simple argument by contradiction ensures that under the assumptions of Proposition 3.1.1
the set V,, is connected. In particular, since V,(z) C V,, the latter ensures that X:D“f}d =
{r € X: V,(x) =V,}. is Baire residual.

[Proof of the Proposition 3.1.1]: The remaining of the section is devoted to the proof of
Proposition 3.1.1. Let D C X be countable and dense. Let ¢ > 0 be arbitrary and fixed
and let m(e) be given by the gluing orbit property (cf. Section 1.4). As V, is non-trivial,
then V), is not a singleton. Let A C V,, be a non-trivial connected set and, for any k& > 1

let (vg;i)1<i<a, be a %—dense set of vectors in A so that

1 ) 1
Hvk,i+1 — U]m” < E for1 <i< ar and ”U]g’ak — Uk+1,1“ < E (312)

For w e V,, d >0, n €N let

P(w,d,n) = {x € X: H%ng(}”(:p)) —wl| < 5}.

Given k > 1 and 1 < i < ay, let {0x;i}tr>11<i<a, De a sequence of positive real and

{nki}k>11<i<a, be a sequence of integers tending to zero and infinity, respectively, so that

017 > 019> - > 01, >051 >099> "+ >05, > ...,

1,a1

n171<n172<"'<n1’a1<n271<n272<“‘<n27a2<...

that n, ;, > my, meaning here limy,_, % =0, for all 1 < i < ag, where my, := m(e/2%),
with by = 0 and b, = ), ;o @i, and P(vg, O, 1) # 0, for all k > 1 and 1 <i < a.
Note that b, — o0 as k — oo.

Given ¢ € D, k> 1 and 1 < i < ag, let Wy;(q) be a maximal (ny;, 8¢)-separated

subset of P(vy, 0k.i, nki). We index the elements of Wy ;(q) by xé”, for 1 < j < #Wi.(q).
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Choose also a strictly increasing sequence of integers { Ny ; }x>1,1<i<a, S0 that

Npir1 T M ,
kl_i}moomj\lf—gik:Q forevery 1 <i<a;—1
n +m
lim T g for k> 1 (3.1.3)
k— oo ng,ak
N{j(ngy+mi) + -+ N (n,, +m
lim 1’1< L1 J 7 k”< ®, 2 =0 forevery, 1<i<a,—1, and
k= o0 Ny i1
N{y(ny;+my)+--+N! (n., +m
lim 1’1< . ) 7 k’a’“< il 2 =0 forevery, k>1
k— oo Nk—l—l,i

We shall omit the dependence of Wy ;(¢q) and N, ,Zvi on ¢ when no confusion is possible. The
idea is to construct points that shadow finite pieces of orbits associated with the vectors
vy; repeatedly.

We need the following auxiliary construction. The gluing orbit property ensures that

( ki ki

for every zy; = (21",... a5 ) € (Wyi)Vei there exists a point y = y(zx;) € X and

transition time functions

pi’i:Wkﬂ." x R, — N, i=1,2,..., Ny, — 1

bounded above by m(55=7) < my, so that
e. K € .
dn, ,(f J(y),:z:f ) < T for every j=1,2,...,Ny; — 1, (3.1.4)
where
0 if j=1
e; = - (3.1.5)
Remark 3.1.3. For k and j as above we have that pfm = pf”(xlf’,xgl, e ,xlf\}i’i,a) is a

function that describes the time lag that the orbit of y = y(%) takes to jump from a -

neighborhood of f"i (x;”) to a 5-neighborhood of x?ﬁl,

and it is bounded above by my.
In contrast with the case when f has the specification property, the previous functions
need not be constant and, consequently, the collection of points of the form y = y(xy;)
need not be 3e-separated by a suitable iterate of the dynamics. For that reason,ﬁt
only an argument to select a ‘large set’ of distinguishable orbits would require to compare

points with the same transition times, which strongly differs from [2, 25].

We order the family {Wj; }i>1.1<i<q, lexicographically: W, < W, ; if and only if &k < s
and ¢ < j whenever k = s. We proceed to make a recursive construction of points in a
neighborhood of ¢ that shadow points Ny ; in the family W}, ; successively with bounded

time lags in between. More precisely, we construct a family {Ly;(q)}r>0,1<i<a, Of sets
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(guaranteed by the gluing orbit property) contained in a neighborhood of ¢ and a family
of positive integers {l, ;}x>0,1<i<a, (also depending on g) corresponding to the time during

the shadowing process. Set:
e Loi(q) = {q} and ly; = Ny,;ng,; = 0;

o Lialg) = {z = z(q, Z/(iUll)) € X a1 € Nll} and l,; = P11+t11 with
tiy = Ning, + SN 1pM, where z = 2(¢,y(z1,1)) satisfies d(z,q) < § and
dtll(fpl 1(2),y(21,1)) < §, and y(21,1) is defined by (3.1.4) and 0 < P, < m( 5) is
given by the gluing orbit property;_

o ifi=1
Lii(q) = {7z = z(zo,y(xk 1)) € X: Ty € Wévfl and 29 € Lg_14, .}, and lp; =

le—1,a5_, +pk 1+, with 41 = Ngang ; + ZN'“ u lpk,l, where the shadowing point
z satisfies
19 l a +p0 19
dlkfl,ak,1<Z7ZO) < o1 and dtm(fk Lag_y k,1(2)7y<%)> < ey

o ifs # 1
Lri(q) = {z = z(zo,y(acki)) € X:my, 6 Wk “and zg € Lgi1}, and lp; = L1 +
p%i + Uk, With &, = Ngng ; + ZN’“ i Pk.i» where the shadowing point z satisfies

g 1 (U g
diy 1 (2,20) < gy and dy, , (f b TP (2), y(2h)) < ST

XNy,

Figure 3.1.1: Construction of L ;(¢) and Ly 2(q).
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The previous points y = y(z,) are defined as in (3.1.4). By construction, for every
k>1land1<i<ap—1,

lk,’i - Z Z Nr,snr,s + Z ’ pf«,s‘ (316)

Remark 3.1.4. Note that [, ; and ¢ ; are functions (as these depend on pfm) and, by
definition of N ; cf. (3.1.3), one has that I ’“_1“1 < Ty Tala Nrerstme) o 46 6 ger0 as

A@z+1

k — oo.

For every k> 0,1 <7< ag, ¢ € D and € > 0 define

oo Qg
. ~ €
Ri(q,¢€,1) = U Blw (%m) and R(q,¢ ﬂ ﬂRk q,€,1)
z€Ly ;(q) k=01i=1

where Elk,i(a:,é) is the set of points y € X so that d(f*(x), f*(y)) < ¢ for all iterates
0<a<ly,_;—1and d(f°(x), fP(y)) < éfor everyl,, , < B <1, —1.

Consider also the sets

oo Qg 1
OUmeh-OUAN U Bulgt) o
j=1lq€D J=1q€D k=0i=1zeLy ;(q J

and finally
R= ﬂUUﬂLJ%&QLQ 319
k=0j=1qeD i=1z€Ly ;(q
It is clear from the construction that R(q,e) C B(q,¢) for every ¢ € D and ¢ > 0, and
that R € R. The following lemma, identical to Propositions 2.2 and 2.3 in [25], ensures
that R is a Baire generic subset of X.

Lemma 3.1.5. R is a Gs-set and it is dense in X.

Proof. First we prove denseness. Since R C R, it is enough to show that RN B(x,r) £ 0
for every x € X and r > 0. In fact, given x € X and r > 0, there exists j € N and
q € D such that d(z,q) < 1/j <r/2. Given y € R(q, %) it holds that d(q,y) < % because
R(q, %) C B(qg, %) Therefore, d(z,y) < d(x,q) + d(q,y) < 2/j < r. This ensures that
RN B(x,r) # 0.

Now we prove that R is a Gs-set. Fix j € Nand ¢ € D. Forany k > 1 and 1 <1 < ay,

3
Gr(q,e,i) == U Blm< ’—Qbk_1+z‘>

ZeLkz

consider the open set
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and note that G(q,e,i) C Rg(q,e,1) for any £ > 1 and 1 < i < a,. We claim that
Ri(q,e,i+ 1) C Gir(q,e,i) and Rypy1(q,e,1) C Grlg,e,a;,), for any k> 1 and 1 < i <
ar — 1. The claim implies that

U U ﬂRk(q,S,i) = U U ﬂGk(q,E,i),

j=1qeDi=1 j=1qeDi=1

and guarantees that R is a Gs-set.

Now we proceed to prove the claim. We prove that Ry(q,e,i + 1) C Gi(q,e,1) for
any k > 1 and 1 <i < a, — 1 (the proof of the Ry11(q,¢,7) C Gi(q,¢,a,) is analogous).
Given y € Ri(q,e,i+ 1), there exists z € Ly ;4+1(q) such that y € Elk’m(z, W)

By definition of Ly ;+1(g), there exists 2 such that d;_(z,2) < W Therefore,

1 I |
ijk_1+(i+1) + j2bk_1+(i+1) - ijk_l—i-i

dlkyi(y, z9) < dlk,i(y’ )_|_dl (Z ) <

and consequently y € G(q,&,7). This proves the claim and completes the proof of the

lemma. O

We must show that R C Xa, that is A C V,(x) for every x € R. The proof
follows some ideas from [25, Proposition 2.1]. We provide a sketch of the argument for
completeness. Given z € R fixed, for any k£ > 1, there exist integers j € N, ¢ € D and
2 € Ly,;+1(q) such that

1
ijk—1

d, .. (z,7) < for every 1 <i < a. (3.1.9)

We prove that A C V,(z). If v € A, then for any k > 1 there exists 1 < i, < a;, such
that v € B(vy,;,, ). We need the following;:

Lemma 3.1.6. Toke k> 1 and 1 < iy < ag. If

qa .
Rk,i = max

— 1. v,
2€Ly.i(q ki Yk

)

q

RY .
then 7%t — 0, ask — oo.
ki

Proof. Let k and i be as above, let z; € (Wy) Vi and y = y(ak;). Recall
that | SIS @) ~ I A S moarlee) i ) < e Then, win
n,”(xt Ley)) < ]2% - where ¢, is defined in (3.1.5) with ¢t € {1,..., Ny;} we conclude
that

ng 'L_l 'I’Lki—l

S (@) = S (e ())|| < masvar(e, —1—).
| > | 7

r=
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Since xf te Wi, we have that

N 7;71

' 1
H Z (T (y)) = M Vr|| < ni(var (e, j2bk71) + Ori)- (3.1.10)
r=0
We decompose the time interval [0, ¢, — 1] as follows:

N i Npi—1
U ler, er + gy — 1] U U e + Ty €+ i + Dy — 1)

t=1 t=1

On the intervals [e;, e; + ng,; — 1] we will use the estimate (3.1.10), while in the time

intervals [e; + 1y, €r + ng; + p};,i — 1] we use

to
Py.i

1
| 32 wtretme ) = bl o
r=0

< m([lplloo + [[orill) < 2l

Therefore,

< Nyiny;(var(p )+ ki) + 2(Nii — 1)my |l £3.1.11)

’ijk—l
On the other hand, by definition of Lj;(q) that for every z € Lj;(q) there exist z, €
Lii-1(g) and y = y(zx,) € X such that

1

lnio14102,
o s(0.2) < S SR G) < (3.1.12)
By triangular inequality,
lg,i—1 lg,i-1—1

IN

> o(f7(2)) = i1 vha

r=0

H Z o(f"(2)) = lii Uk

lk,i71+Pg,f1

| et @) - s

_.0
T=Pk.i

tk,i_l

+ > o(f1(2) = thi vk

T:lk,i—l+P2Yi

Y

where the first and second terms are bounded by 2l ;_1||¢]|o and 2my||¢]|o, respectively.
Inequalities (3.1.11)-(3.1.12) imply

tg,;i—1

H > o(f(2) = tri v

_ 0
r=tg,i—1+D ;

tri—1 ti,i—1 thi—1
. (0] r - .
< H Z gp(flk:,z—l'f‘pk,i"— (z)) — Z go(f (y))H + H E np(f (y)) — tk,i (%
r=0 r=0 —0
1
S bivar(e )+ Niing; var(p, —— + 0k5) + 2(Nig — D[ ]loo

DAL " j2be—1
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and, consequently,

Ry < 2(lkio1 + Niam)|[lloo + (tri + Niini) var(ep, ) + Niing, iOk.i-

j2bk—1
By definition of Ny, in (3.1.3) we obtain that szi/l;m» — 0 as k — oo, which proves the

lemma. O

Given z = z(z0,y(zx;)) € Lk7i+1( ) satisfying (3.1.9) with zy € L, ;(q), by triangular

inequality we have dy, , (20, 7) < W Thus,
i —1
‘ > el (@) = I, vk, (3.1.13)
r=0
lk,ikil lk:zk
< | X ety - Ao H+H Z "(20) = I, O,
r=0 r=
q
< g, Var(@vﬂbkﬁ)—i_Rk,ik'

Lemma 3.1.6 and the uniform continuity of ¢ ensures that

lk i_l lki_l
1 Y ; 1 3 .
| 3= etr@) —o| < |7 X wtr@) - o,
k;vi r=0 k72 r=0

as k — oo and, consequently, v € V,(x). This proves that A C V,(z).

+ g, — vl =0 (3.1.14)

Altogether we conclude that XA is a Baire residual subset of X, and finish the proof
of Proposition 3.1.1 and Theorem A.

3.2 Full topological pressure and metric mean

dimension

In this section we prove Theorem B. Assume that f is a continuous map with the
gluing orbit property on a compact metric space X, ¢ : X — R? is continuous and
Xy,p # 0. We will prove that mdimy_ (f) = mdim(f), that mdimy_(f) = mdim(f)

and htop(f) hX%f (f)
Actually we will prove that hy f( f,€) = hop(f,€) every € > 0, which is a sufficient
@,

condition. Fix € > 0 and let m(e) be given by the gluing orbit property.

3.2.1 Measures with large entropy and distinct rotation vectors

The proof explores the construction of an exponentially large (with exponential rate

close to topological entropy) number of points that oscillate between distinct vectors in R?.
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We use some auxiliary results. We say that a observable ¢ : X — R% is cohomologous to a
vector if there exists v € R? and a continuous function y : X — R so that ¢ = v+y—xof,

and denote by Cob the set of all such observables and by Cob its closure in the C°-topology.
Lemma 3.2.1. Assume that f has the gluing orbit property. The following are equivalent:
(i) Xpy # 0,
(i) infuenm,. ) [ @ dp <sup,em. (s [ ¢ du, and

(111) there exist periodic points p1,ps of period ki, ko respectively such that

k1—1 ko—1
k}jfwl £ el )
]:0

(iv) ¢ ¢ Cob.
(v) L Z] —o P o f7 does not converge uniformly to a constant.

Proof. Although this is similar to [52, Lemma 1.9] we include it for completeness.
(iii) = (iv): If ¢ € Cob, then there is {¢)} in Cob such that ¢ = limj_,e @x. In

particular there exists v, € R? and Yy}, so that

n n

LS iy = w20 0@ 321

for every x € X. By Birkhoft’s ergodic theorem and dominated convergence theorem
M.(f) 2 u— [ pdu is constant, which contradicts (iii)

(iv) = (v): If ¢ & Cob, then the sequence L 3"~ im 0 ¢ o f7 is not uniformly convergent
to a vector v. Indeed, otherwise the sequence of continuous function (h,), given by

h, =1 Z;:ol (n —1i)po f! satisfy the cohomological equation

and so ¢(r) = lim, ,o[h,(x) — h,(f(z)) + %Z;:S o(f’(z))] € Cob, leading to a
contradiction.

(v) = (i1):

Let 4 be an f-invariant probability measure and suppose that = >~ 0 " o(fi(z)) does
not converge uniformly to [ @dp. There exists e > 0 so that for every k > 1 there
are ny > k and x;, € X for which Hnlk ijal o(f/(zr)) — [du| > €. Consider v, :=
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i Z?igl dfi(z,) and let v be a weak* accumulation point of the sequence (). Note that
v is f-invariant. Choose k such that ||~ Z?ﬁgl o(fi(z) — [ pdv| < e/2, so

ng—1

H/sodﬂ—/sOdVH > H/sodu—nik; o(f (x1)||

1

— H_

ng

> elfan)) = [ o] = 22

j=0
The conclusion follows from the ergodic decomposition theorem.

(71) = (i): The construction in the proof of Theorem A ensures that if there exist
f-invariant measures pi1, o so that [ duy # [ ¢ dus, then X, # 0.

(i) = (i11): If the limit lim, o Z;:Ol ©(f?(z)) does not exist for some z € X, then
the empirical measures (% Z?:_ol dfi(z))n>1 accumulate on f-invariant probability measures
p, pi2 so that [ duy # [ ¢ dus. Now, the result follows as a simple consequence of the
weak™® convergence and the fact that periodic measures are dense in the space of f-invariant
probability measures ([48, p102-104] proves the latter for maps with specification, but it
is straightforward to see that this holds for maps with the gluing orbit property, to see

5.0.4). O
Lemma 3.2.2. Given v € C°(X,R)and v > 0 there are py, iy € My(f) so that uy is
ergodic, [ du, # [ @duy and h, (f) + [ dp; > Py, (f, ) =, fori=1,2.

Proof. By the variational principle there exists an ergodic p; € My(f) so that hm( f)+

J¥duy > P, (f,¢) —~. As X, ; # 0 there is v € M, (f) satisfying [ wdu, # [ @dv
(recall Lemma 3.2.1). Consider the family of measures

ph =ty + (1 —t)v, te€(0,1) (3.2.2)
and observe that, by convexity, hué (f) + [odub > P, (f, %) — v, provided that t is
sufficiently close to one. the probability measure ps := pb satisfies the requirements of

the lemma. N

Although the previously defined measures ji1, j12 depend on the potential 1) € C°( X, R)

we shall omit its dependence for notational simplicity.

3.2.2 Exponential growth of points with averages close to
Take the probability measures p,,v and po given by Lemma 3.2.2, consider the
sequence {( } of real numbers

du, — [ od
(= max{”fgp ,u12k L V”,Var(gp,é)}, (3.2.3)
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which tend to zero as k — oo, and take m; = m(5). Given v € (0,1), by Birkhoff’s

ergodic theorem one can choose nj, > my, so that
my/n, — 0 as k — oo (3.2.4)

such that py(Yy1) > 1 — 7, where

Y1 = {3: €X: H% nzjlap(fj(x)) - /godulH < ¢, for every n > n,lg} (3.2.5)
=0

The following lemma will be instrumental.

Lemma 3.2.3. There exists ¢, > 0 so that for any 0 < e < ¢g,, there is a

collection {Sp}r so that every S{ is a (n},6e) separated subset of Yii and M} =
nl—l i .

Daest XP(ity U(f'(x))) satisfies My > exp (ng (P, (f, ¢, €) = 47)).

Proof. The proof is a standard consequence of Proposition 1.6.4. O

For any k > 1, we now construct large sets of points S; with averages close to [ ¢ dus
at large instants ni > 1 (to be defined below). First, as v is ergodic, there exists 7, € X
and n; > 1 so that H% Z?ialgp(fﬂ(fk)) - fgodyH < (. Let t of the proof of Lemma

3.2.2, there are 7,, s, > 1 be integers satisfying

1
r.n t
k'K

— k — oo. 3.2.6
e 1—t¢ s >0 ( )

For any fixed k > 1, any string (zF,...,2F ) € (S})™ and s, copies of the point 77, by

k

the gluing orbit property there exists y = y(z%,..., 2% ) € X satisfying

» Lo,
do (f(y),af) <&, and  dg (f(y), 7)) <e

for every i =1,2,...,r, and j =1,2,... 5., where

0 ifi=1

(i—Dnk+ 3 py, ifi=2,....1

and

Gy + Dry, itj=1

(j—Dny + Zi;l L +ap, itj=2,...,s

b —

J

where 0 < Prr < m(e) are the transition time functions defined similarly as in the proof of
Theorem A. We define the auxiliary set S? as the set of points y obtained by the previous

process.
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Remark 3.2.4. For every point x € S? we associate the size

rets,—1
20N .1 ~
g (+) = Ty, + sy, + Z Prr (),
r=1
of the finite piece of orbit, which is a function of (z¥, ... ,xffk, Tk, Sk). In strong contrast

with the case when f satisfies the specification property, at this moment we can not claim
that the cardinality of S? is large. Indeed, since ni varies with the elements in S? then
the (n4, 4¢)-separability of the points in S} is not sufficient to ensure the shadowing point

map (S{)™ x {7;}* — X to be injective. This issue is solved by Lemma 3.2.5.

Now, for any j = (j1,J2,- - -+ Jrytse1) € ZIF 1 50 that 0 < j; < m(e) + 1 define
the set SP(j) == {# € S} : Pe1 = J1, Pk2 = J2s- - Phaptsp—1 = Jrp+sp—1}- The size of
the finite orbit of all points in S3(j) is constant and, by some abuse of notation, we will

denote it by

s, —1
nn(j) == rny, + sy, + Z I (3.2.7)
r=1
It is not hard to check that (3.2.6) implies
1 1
% — t and, consequently, Tgnk — t (3.2.8)
Tl & Skl n;.(J)
as k — oo. Moreover,
1 1
Ttk L f 2 50 ask oo (3.2.9)
n; n, oy

The next lemma says that one can choose a large set S? of points whose n;-time average

is close to the one determined by py. More precisely:
Lemma 3.2.5. For every large k > 1 there exists j, = (j¥, ... ,jfk+s _,) so that if SZ =
- k k

Si(jx) and ni = ni(j,), then the following hold:

1. S} is (n2,4e)-separated,
2 0f M =3, c e exp{1%, ([(2))}, then

M > exp (ng[tPy,(f,v,€) — var(¥,e) — 67]),

3. there exists a sequence (ak)kzl converging to zero so that

2
ny—1

Hni% S () - / pdps|| < var(e,€) + agllolloe

J=0

for every k > 1 and every y € Sz.
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Proof. In order to prove item (1), let j = (ji, 2, Jrp+sp—1) € Z7F* ! be arbitrary
so that 0 < j; < m(e) + 1. Let y, # y, € Si(j) shadow the orbits of points in the
strings (f,...,27 ) # (21,...,2 ) € (S))™ and also sy times the finite piece of orbit
of Ty, respectively. There exists 1 < ¢ < 7 such that x; # 2, and, using that S} is
(n}., 6¢)-separated,

an j)(yla y2) > d (l'f, sz) d i(ylv xf) - dni('zzk’ y2) > 4e.
Therefore, SE(j) is (nj(j), 4¢)-separated for every j. This implies (1).

Now we prove (3). Take j& = 0 and write the Birkhoff sum Zﬁal o(fi(x)) b

n%—l T n,le—l
> wlF@) =3 Z p(fHImIA R T (2)
+ ] )R,y t<ry +1-1 it (:L’))
=1 5=0

rt+s,—1jk—1

+ Y Y et (), (3.2.10)

where
m,ﬁ it 1<i<r,
Xi = ~ . .
reng + (0 —r)n, i r, <i<r,+s,— 1
The third expression in the right hand-side of (3.2.10) satisfies

rts,—174,—1

> Y el Esa h@)|| < (o s — Dm(E) + Dl

=1 j=0
Using (3.2.9) one can estimate the Birkhoff sums in terms of the periods of shadowing

and the remainder terms as follows:

n—l

H Z@ f(x)) —ng /wdm
+ Z ( Z (PRI (al)) — [

Sy nk 1

]| 30 (X b Essdee 0% @) i [ pa)|

=1 = j=0

+ ||nf / pdps — ryn, / pdp — sy, / stVH

+ (e + s = D(m(e) + Dl
< n (var(p, ) + G) + [tk — rim [0l + (1 = O)ni — sl
+ (r 4 sk = D(m(e) + 1|l

< (rpng + spi) var(p, €)
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Dividing all terms in the previous estimate by ni and using (3.2.8) - (3.2.9) we conclude
that item (3) holds.

We are now left to prove item (2). First, computations similar to (3.2.10) for the
potential ¢ € C’O(X, R) yield

Zexp{wal )} > Zexp{wa’ B

:17652 zESl

. o
2 [ V() BB oot EEEL g |
X e k k

> oxp (n2[t Py, 1, ) — var(t,2) — 54]) (3.2.11)

for every large k > 1. Here we used equations (3.2.9), (3.2.8) and Lemma 3.2.3. Recall

the definition of S? and consider the shadowing point map

S:{0,1,...,m(e)}rlx (Shye x {@ ) —  SICX

(‘17£7(£;€77£;€)) = y(i7£’ﬁ€a8kz>‘

S2=[Js0) = || tmage(S(g

where the union is over all possible j € {0,1,...,m(e)}"™. Now, equations (3.2.9) and

Observe that

(3.2.11), the separability condition proved in item (1) and the pigeonhole principle ensure
that there exists a string j, = (k. ... Jfﬁskq) such that

nﬁ—l nk—l

> el v O 2 T 2 oR( X v

93655(11) =0 36652

Z €xXp (nkz[ top(f 77/} 5) - var(z/), ) - 67])

for every large k > 1. The set S} = S7(j .) satisfies the requirements of item (2). This

proves the lemma. []

3.2.3 Construction of sets of points with oscillatory behavior

Consider the sequences {Sk}r and {ny}; given by
Sy, if kis odd n; , if kis odd
Sk = and ne =
SZ . if kis even, nz , if k is even.

Lemmas 3.2.3 and 3.2.5 ensure that
N — 1

My =Y exp{Z Y(fi(x)} > exp (niftP,,(f ¢,e) —var(ih,e) — 69])  (3.2.12)

€S
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for every large k > 1. Since we will construct sets of points that interpolate between

those in the sets Sy within a Z-distance (in the Bowen metric) we need the transition

2k
times m;, = m(55) to be negligible in comparison with the total size of the orbits. For
that, choose a strictly increasing sequence of integers { N, }r>o so that N, = 1,
lim R T 1T +
k— oo Nk
L+ Ni(ny +m) + - + Ny (ny + mue)

=0, and

li =0. 2.1
For any fixed k¥ > 1 and any string x = (2%, 25, .. a:Nk) €S, Ve there exists a point
y = y(x) € X which satisfies
“ €
d"k(fj(y)7xi)<ﬁv \V/]:LQ, 7Nk
where
0 Cifj=1

(j—l)nk+2r 1pk7, ,if 7 =2,..., Ny

and p, . are the transition time functions, bounded by mg.

Define
N,
C = {y(g) ceX:xz= (m'f,x’z“,,x]f\,k) € Sk,’“}
and ¢, = Nyn, + Zi\[jl—lpk’r (it is a function on C%). Proceeding as before, it
is not hard to check that for any fixed s = (s1,...,5n,-1) (with all coordinates

bounded by my) the subset Ci(s) C Cj with these prescribed transition times is a
(3¢, Nyn, + vaz’“l_l s;)-separated set. Using (3.2.12) and the pigeonhole principle, there

exists s, = (s§,.... sk, _1) so that the set
= {?/(E) €C:ze Sijcvk andpk,l = Slfa sy PENg—1 T SNk 1}
satisfies
Ckfl Cl— 1
S el ) > ot X el S
xeck(ék) =0 zeCl

> exp (g Ni[tP,,,(f, ¥, ) — var(¢, e) — 67])

N, N logm
var (i, )+ 5 o oo 1B

xe_ck[
> oxp (lt Py (f10,6) —var( )~ 7)) (32.14)

for every large k > 1, where ¢, = n, N, + S 5" s¥ is constant for all points of the set

C,(s;). We used that logm,/n, — 0 (cf. (3.2.7)) and (ngNg)/cr — 1 as k — oco. As
before we will denote C,(s;,) simply by C.
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We now construct points whose averages oscillate between [ ¢ duy and [ ¢ dps. Define
Ty = Cy and t; = ¢;, and we define the families (7})r>1 and (t;)x recursively. If € Ty

and y € Cy41 there exists a point z := z(z,y) € X and 0 < pryq < myyq such that

3

dy, (@, 2) okl

€
. < W and de+1 (ftk+pk+1 (Z), y) <

Define the set
Trin={z=z2(x,y) € X :x€ T}, y€ Cri1}

and t,, = t, + puq + ¢4 (it is a function on Tj). Using the previous argument once
more as above we conclude that there exists 0 < Pyt < my1 such that Tkﬂ(gkﬂ) C Thi1
is a (2¢,t, + P T cpr1)-separated set. We will keep denoting Tk+1(]_9k+1) by T}y, for

notational simplicity. In particular, if 2 = z(x,y) € Tk.1, then

€

dy, (z,2) Py

€ tot
k < W and dck+1 (f B (Z)’y) <

3.2.4 Construction of a fractal set with large topological

pressure

Define

€
F.=J By, (#5;) and F= M F
2€T), k>1
The previous set F' depends on &, but we shall omit its dependence for notational
simplicity. As Fy,, C F for all £ > 1 follows that F' is the (non-empty) intersection of
a sequence of compact and nested subsets. In the present subsection we will prove the

following:
Pp(f.,e) > tP,,(f, ¢, e) — var(y,e) — 9v. (3.2.15)

Remark 3.2.6. Every point x € F' can be uniquely represented by an itinerary x =
(21,29, 23, ...) where each z; = (2, ... ,xﬁvk) € SN, We will keep denoting by y(z;) € C;
the point in C; determined by the sequence z; with a sequence s; = (s},...,s% _;) of
transition times, and by z,(z) = z(z;,_(z),y(z;)) € T; the element constructed using the

points z;_;(z) € T;—1 and y(z;) € C;, and with transition time p_.

We will use the following pressure distribution principle:

Proposition 3.2.7. [52, Proposition 2.4] Let f : X — X a continuous map on a compact
metric space X and let Z C X be a Borel set. Suppose there are ¢ > 0, s € R, K >0

and a sequence of probability measures (uy ) satisfying:
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(i) pr — p and u(Z) >0, and

(ii) limsupy o pur(Bn(2,€)) < K exp{—ns+ 1" (fi(z)} for every large n and every
ball B, (z,€) such that B, (z,e) N Z # (.

Then, P,(¢,e) > s.

Assume first that hip(f) < oo (hence Pi,(f,1) < oo, by the variational principle).
We use the previous proposition to estimate Pg(f,1,¢). Consider a sequence (py)x of

measures on F as follows: take v, = > _, ¥(2)d, and its normalization

ZGTk

1
g = Zyk where Zj = Z U(z),

2€Ty

and for every z = z(zy,...,x;) € Tj, and z; = (21,...,2%,) € SV we set

3

(=) = [T I] exp Sn ).

=1 =1
We will prove that (u,), satisfies the hypothesis of Proposition 3.2.7. Given n > 1, let
B = B, (q,¢/2) be a dynamical ball that intersects F', let K > 1 be such that t, <n <t,,,
and let 0 <7 < N, ., — 1 be so that

et dng + > sSET Sn <t + (G4 Dngy + Y siT (3.2.16)
1<i<j 1<i<j+1

Lemma 3.2.8. If pup1(B) > 0, then

Vk+1(B) < esnw(Q)'i‘nVar(%E)-*‘(Zf:l Nimi+jmp11)|9Y]eo M]ﬁf;l_j‘

Proof. Tf pg1(B) > 0, then Tpyy N B # (. Let 2z = 2(x,y) € Tyr1 N B determined by
z €Ty and y = y(z,, ... ,gNkH) € Ciy1 and let p, - be so that

€ ¢ €

Since z € B, (¢q,¢/2) and n > ty, then d;, (z,q) < dy, (x,2) + di, (2,q) < €. Using the
definition of n and the fact that d,(z,q) < § we have that

(ftk+(l*1)”k+1+20gigz—1 5?“ (Z) ftk+(l*1)"k+1+20§igl—1 sfﬂ (q)) < g
Met1 ’
for all [l = 1,...,j. Moreover, by construction dck+l(ftk+gk+l(z),y) < gigr- This implies
on the following estimates for blocks of size ng1:
t I-1)n . SI~C — n . 3’? 8
”k+1(f kP FU=D) e D S0gi<ion g (z)7f(l 1)y g+ 0<i<io1 5 (y)) < _2k+1
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forall I =1,..., Nyy1. Using that y = y(z,,...,2y ) € Cigy1 we also have

V41
€
2k+1

(f(lfl) 12 0<i<io1 sy (y)7 J;é“rl) <

Nt

forall [ =1,...,j. Altogether the previous estimates imply

(ftk+£k+1+(lil) nk+1+20§i§l—l ‘9? (Z), k+1) <2¢ (3217)

o
foralll =1,...,5.

We remark that if 2 = 2(2,9) € Ty N B then d;, (2,9) < ¢ and, consequently,
dy, (£,x) < 2e. Since T} is (tg,2¢) separated and n > tj, then x = Z. Moreover, the

previous estimates also ensure (cf. (3.2.17)) that dn (mf“ ) < 4 e for all | =
1,...,7. However, as 2! and ¥ belong to Sjy1, Wthh is a (n,,4¢)-separated set,
then 2! = 25! for every i = 1,..., 5.

The previous argument implies that all elements z = z(x,y) € Ty N B with z € T,
and y = (z4,... ,gNkH) € (k41 may only differ in the last Ny ;3 — 7 elements of Siy;.
Therefore, by the choice of k£ and j in (3.2.16),

ma(B) = > 0()

ZETk+1ﬂB
N1
H exp Snk+1 k+1)] Z eXp(Snk+177/)($f+l))
I=j+1
Nig1

HeXpSnkH k+1 H Z eXp n’““ ))

= ‘]+1I€Sk+1
J
o k:+1 Npy1—J
= U(@) [ [ ] exp Sy (™)) M
=1
< SV (@ tnvar( o)t (i Nimickg mu)lbloe pNiss =)

which proves the lemma. O
Lemma 3.2.9. Z; (My11)? > exp(n(t Pop(f, ¢, ) — var(v,e) — 87)) for all k> 1.

Proof. By the variational principle and the fact that v is bounded away from zero and
infinity assumption (i) is equivalent to P,,,(f, 1) < co. A simple computation shows that

Zp = M™* for every k > 1. Moreover, using

n < tk +(j+ 1)(nk+1 + mk+1)

—ZnN+Zp+ZSZ (7 + 1) (ngyq + mitr)

k
< Z[(”z +mi)N; +mi] + (5 + 1) (nggq + M)
i=1
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equation (3.2.12), and that m; < n; < N; for every 1 <i < k we get

Zk Mngrl - MlNl e MlinMlerl
k
> €xp ( (Z Nznz + .jnkJrl)[tF)top(fa ¢> 5) - Var(wv 8) - 67] )
i=1
k
> exp(t(D | Ni(ni+my) + j(nr + mui2))[t By, (f, 90, €) — var(y, e) — 79])
i=1
> eXp(n[t ]Dtop(fv ¢7 6) - VaI'(’l?D, 8) - 8’}/])
for all large k, proving the lemma. O

Corollary 3.2.10. The following holds:

lim sup p14,(B,,(¢,¢/2)) < exp(—n(t Piop(f, 1, €) — var(y,e) — 9y) + Spib(q)).

k—o0

Proof. By Lemmas 3.2.8 and 3.2.9 we get

1 . . B
MkJrl(B) < —NMeSn’l/)(Q)-I-n var(¥,e)+ (371 Nimi+j mi41)|¥]oo M]ﬁ\-/':fl j
Z, Mk+1
= ;65n¢(q)+nvar(w,a)+(2§:1 Nimi+jmi41)]9¥]oo
Z, Mlgﬂ

< exp(—n(t Ptop(f7 wa 5) - Var(¢7 5) - 97) + Sn¢(Q))

for all large k, proving the corollary. O]

Now, an argument similar e.g. to [11, p.1200] ensures that any accumulation point
p of p, satisfies u(F) = 1. Since the hypothesis of Proposition 3.2.7 are satisfied we
conclude that Pr(f,1,e) >t Pyp(f, 9, €) — var(y, e) — 9y proving equation (3.2.15).

Finally, by the variational principle for the topological entropy, in the case that
SUPemy (7) Pu(f) = Miop(f) = +oo (hence Pyp(f, 1) = +00) the argument follows with
minor modifications. Indeed, one can repeat the previous arguments and prove that for

any K > 0 and t € (0,1) there exist invariant probability measures i, o so that py is
ergodic, hy, (f)+ [ duw > K, hy,(f) + [ dus > tK and [ @du # [ ¢ dps. The same

argument as before shows that for any given €, > 0 there exists a fractal set F' C X, ¢

such that
PX%f(f7w7€> > PF<f7w78> > tK — Var(¢7€) - 977
leading to the conclusion that Px_ . (f,%) > K. Since K > 0 is arbitrary and ¢ is bounded

above and below, then

PXLp,f(f7 w) = Ptop(fa,lvb) = hX%f(f) = htop(f) = +00

as claimed.
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3.2.5 The set F' is formed by points with historic behavior

In order to complete the proof of Theorem B it suffices to prove that F' C X, ;.

Proposition 3.2.11. FCX,;.

Proof. Let x € F, and set x(k) = 1if k odd, and x(k) = 2 otherwise. By Remark 3.2.6
let y, = y(zx) € Cr and 2z, = 2z,(z) € Tj. First we prove that points in Cj have time

averages close to [ godux(k). More precisely, we claim that

Higw(fj(yk))—/wdux(k)H —0 as k— oo (3.2.18)
=

. Ny— . .
Recalling that ¢, = Nyny, + > ;5 ' s¥ and 0 < s < m,, for every i, one can write

N, n,—
i n i—lgk
< H Z Z f+] Dng+>212 z<y )) —nka/QDd/JJX(k)H

j=1 =0

+ 2my, (N, — D[]
N nk—l

<N (U DmE RS S () — (i)
j=1 1i=0

nk—l

+H; >

+ 2my, (N, — 1)”90Hoo
=)+ G) + 2m (N = Dl

)>_nk /@dﬂx(k)}H

0

< Ny, < var (e, ok

n, N,

Using that limg_, L =1 and limy_,o m’;N‘“ = 0 we conclude that
k

c,—1
IR ; Nyn 2m,, (N, — 1)
- J _ | wa H < D% kUVE N
Hck ;w(f (yx) /90 20 s (var(e, 55 +G) + el

tends to zero as k — oo, which proves the claim.

Now, take any point x € F. By definition for every & > 1 there exists 2z =
2(2k—1,Yr) € Ty so that dtk (7,2,) < 5. Using that ¢, = ¢ + p, + ti—1 and triangular

inequality we get
€

4o (501 (@), ) < (F5 (@), F5 () + (P (), ) < ey
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In particular,
1 ¢, —1

— ) o(f (p)) —/wdux(k)H

¢y 4
kﬂ

c,—1
€ 1 < ;
< var (4,0, ﬁ) + H— > el y) — sod/tx(mH
2 & =

tends to zero as k — oo. Using that limg_, j—’“ = 1 and dividing the t;-time average in
k

their first ¢, — ¢, summands and the second ¢, summands, a simple computation shows

t,—1 c,—1
1« : 1 < e t,—c
|5 eP@n -+ 3 (@] < 2% %) — 0
k =0 k =0 k

as k — oo. Altogether we get that limy_, s Hi Z;’gol o(f1(p) — [ ‘pdﬂx(k)H = 0, which

proves the proposition. O

3.2.6 Proof of Theorem B

We will consider the case of topological entropy and metric mean dimension, as the
argument that proves that the historic set carries full topological pressure is completely

analogous. We note that
0 < mdim(f) < mdim(f) < hiop(f) < 400

and that mdim(f) = 0 whenever hy,,(f) < +o00. For that reason we distinguish the
following cases:
Case 1: 0 = mdim(f) < hop(f) < +00.

It is immediate that mdimy_ (f) = mdim(f) = 0. It remains to prove that hx,_ . (f) =
hiop(f). Given €,7,t > 0 as before, Corollary 3.2.10 ensures that (yuy;)y satisfies the
hypothesis of Proposition 3.2.7 with s =t h,, (f,¢) — 8y and K = 1. Since ' C X,
then hx_ . (f,€) > he(f,€) >t hy,,(f,e) — 8y and so hx, (f) >t hy,(f) —8y. Asy >0
and t € (0,1) were chosen arbitrary we conclude that hx_ (f) = hy,,(f).

Case 2: 0 = mdim(f) < hyop(f) = +00.
The argument that hy_,(f) = +oo is explained at the end of Subsection 3.2.4.

Case 3: 0 < mdim(f) < hop(f) = +00.

As the proof that hx_ (f) = +oco was discussed in Case 2, we are left to prove that
mdimy_ (f) = mdim(f) and mdimy__(f) = mdim(f). If mdim(f) = 0 it is immediate.
Otherwise, given €,7,t > 0 as before, Corollary 3.2.10 implies

hXAP,f (f’ 8) > h‘F(f7 5) > t (htop(f> 5) - 77)
—loge — —loge — —loge '
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and, consequently, mdim , f( f) > t mdim(f). Since that ¢ € (0,1) is arbitrary, then
.. =)
mdimy_ (f) = mdim(f). The proof that mdimy__(f) = mdim(f) is identical. This

proves the theorem.

3.3 Proof of Corollary A

The proof of the corollary relies on the genericity of the gluing orbit property on chain
recurrent classes of the non-wandering set, obtained in Proposition 4.2.2.

Let 736 be as in the proof of Proposition 4.2.2. Fix an arbitrary f € 7,50 and let
Q(f) = Ule I'; be the decomposition of the non-wandering set of f in chain recurrent
classes. If hiop(f) = 0 then we have nothing to prove, and we take Ry = C°(X,R?).
Otherwise, by assumption there exists 1 < j < k so that hip(f) = hwop(f |r;) > 0 and
f |r, has the periodic gluing orbit property.

We claim that there exists a Baire generic subset Ry C C%(X, R?) so that [';N X, s # ()
for every ¢ € Ry. Observe that the latter implies on the corollary because

%= | J {f} x Ry C Homeo(X) x C°(X,R?)
f€Ro
becomes a CY-Baire generic subset and, by Theorem B, the set I'; N X, ; # 0 is a full
topological entropy subset of I';.

Hence, it remains to prove the claim. As hp(f |r;) > 0 and f |p, satisfies the periodic
gluing orbit property then there are countably many distinct periodic points in I';. By
Lemma 3.2.1, I'; N X, s # 0 if and only if there exists a pair of periodic points in I';
with different Birkhoff averages with respect to (. Since periodic points are generically
permanent (recall the proof of Proposition 4.2.2) it is clear that the latter defines a C°-
open and dense subset Ry C C°(X,R?). This proves the claim and finishes the proof of

the corollary.
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Chapter 4

The set of points with non-trivial

pointwise rotation set

The main goal of this chapter is to prove Theorems C and D, concerning on the set

of points in T? with non-trivial pointwise rotation set for typical homeomorphisms.

4.1 Volume preserving homeomorphisms

Our starting point for the proof of Theorem C is that specification is generic among
volume preserving homeomorphisms. More precisely, for any compact Riemannian
manifold M of dimension at least 2, there exists a residual subset Ry C Homeoy (M)
such that every homeomorphism in R satisfies the specification property [22]. Together

with the fact that Homeog ,(T?) is open in Homeo, (T¢) this ensures:

Corollary 4.1.1. There is a residual R3 C Homeoo’A(Td) such that every f € Rs satisfies
the specification property (hence the gluing orbit property).

Theorem 4.1.2. [23, Theorem 1] The set of all homeomorphisms with a stable rotation
set is open and dense set O C Homeoy(T?). Moreover, the rotation set of every such
homeomorphism is a convex polygon with rational vertices, and in the area-preserving

setting this polygon has nonempty interior.

Given f € Homeo,(T?) recall that p(f) is called stable if there exists § > 0 so that
p(g) = p(f) for every g € Homeoy(T?) so that do(f,g) < d. By [23] and [39] we obtain
the following

Theorem 4.1.3. The set of all homeomorphisms with a stable rotation set is open and

dense in D C Homeo,(T?) and for every f € D the rotation set of p(F) is a convex polygon
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with rational vertices. Moreover, there exists an open and dense O C H0m6007/\(’]l‘2) 50
that for every f € D the rotation set p(F') is a convezr polygon with rational vertices and

nonempty interior.

We are now in a position to prove Theorem C.

4.1.1 Proof of Theorem C

Let F': R? — R? be a lift of f and consider the observable (displacement function)
or : T? — R? given by ¢r(z) = F(T) — ¥, where ¥ € 7 !(z). Since

1 n—1

=S er(f (@) =

J=0

@) -7

n—1

we have that p(F,Z) coincides with the accumulation points of (& > im0 pr(f(2)))nz1-

Thus, the non-trivial pointwise rotation sets of  can be represented by
F;:={x € T?: p(F,T) is not trivial, where n(Z) = z}.
Take the residual subset
R, = R3N O C Homeog »(T?).

We claim that F is residual in T? for every f € R;. Indeed, any f € Ry, f satisfies
the gluing orbit property and, if F'is a lift of f, int(p(F)) # (). The latter ensures that
¢wp & Cob (recall Lemma 3.2.1) and X,,.; # 0. Theorem C is now a consequence of
Theorems A and B.

Moreover, since that p(F,T) C p(F), for all x € T?, we are done.

4.2 Dissipative homeomorphisms

In this section is to prove the Theorem D. Before, we introduce an useful concept.

4.2.1 Continuous maps with the gluing orbit property

Here we prove the genericity of the gluing orbit property on chain recurrent classes
of the non-wandering set, a result of independent interest inspired by [6]. The following

lemma is an easy consequence of compactness.
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Lemma 4.2.1. Let f be a continuous map on a compact metric space X such that
Per(f) = Q(f), and let T C Q(f) be a chain recurrent class. For any 6 > 0 there
exists m = m(0) > 1 and a set of periodic orbits £ = {01,0s,...,0,} C T'N Per(f) such
that for any points x,y € I' there exists n < m and a d-pseudo orbit (z;)i=1,. n so that

Ty =2x,2, =1y and z; € £ for every 0 <1i < n.

Proof. Let 6 > 0. Using that every chain recurrent class is compact, there are points
21y 29y -+, 2 € I'such that I' C B(z,0/4) U B(2y,0/4)U---U B(z,9/4). If B(z,6/4)N
B(z;,6/4) # ® (i < j) by denseness of periodic points we can choose a point 2! €
Per(f)NB(z;,0/4)N B(z;,6/4). Since chain recurrence classes are compact and isolated,
reducing ¢ if necessary we may assume such periodic points belong to I'. As Per(f) is
dense in I, then every periodic orbit for the flow is not isolated, meaning each of these
are accumulated by distinct periodic orbits. Consider the collection of periodic points z{
chosen above and denote this by £, = {69,609, ...,609 1.

By construction, for any two points z,y € I' there exist 1 < n < m, and a sequence

(x;)i=1,..n—1 of periodic points in £ in such a way that

forall 1<i<n-—2.

|
N

Af@) ) < 5, Al S W) <5 and e a) <

)

We will build a finite set £ C £y so that every two points in I can be connected by a
d-pseudo-orbit formed by points in £. Let p; denote the period of 8; for every 1 < i < my.

So, consider the set
e={f(6)):60) €Ly and 0<j<p;—1}

and write it, for simplicity, as £ = {01, 6s,...,0,,} where m =mg + >, p;.

Now consider the §-pseudo-orbit {(z;)} connecting x, = x to x,, = y defined by:

{(z;);} = Az ay, f(@y), o P @) g, P2 (@), g P () f N (), )

and times
{(t;):} =4{1,1,...,1,...,1,...,1,1,1}.
—— ——

p1 Pi—-1
—

The condition n < m stated in the lemma is given by n = 2 + lei p;. By construction

n <m. O

The latter implies on the following consequence:
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Proposition 4.2.2. Let X be a compact Riemannian manifold of dimension at least 2.
There ezists a Baire residual subset Ry C Homeoy(X) so that if f € Ry and T' C Q(f)

is a chain recurrent class, then the restriction f |r satisfies the (periodic) gluing orbit

property.

Proof. Tt follows from [12, 43] that there exists a residual subset Ry C Homeo(X) such
that every f € 7%?) has the periodic shadowing property and W = Q(f).

We claim that for any f € 7%6 and any chain recurrent class I' C €(f) we have that
f |r has the periodic gluing orbit property. Let (I';); denote the chain recurrent classes of
f. Let 0 < e <min,; d(I';,T';)/2 and let 6 = d(g) > 0 by given by the periodic shadowing
property. Let £ = {6,,0,,...,0,,} (depending on § = §(¢)) be given by Lemma 4.2.1 and
set K = K(0) = > 1<ic,, T, Where m; > 1 is the prime period of 6;. Now, consider
arbitrary points x1, xo, ..., 2, € I' and integers ny,...,n; > 0. By Lemma 4.2.1, for every

1 < s < k there exists a d-pseudo orbit (y7);—o,.. ;. connecting the point f"~1(z,_1) and

yF™)izo... 1., connecting the point f™(zy) and 1, all formed

.....

zs and a d-pseudo orbit (
by at most m periodic points in £. Finally, consider the §-pseudo-orbit (z;), connecting
x, and f™ (zy) defined by:

{'rla f($1)7 trc fnlil(x1>7y(1)7y%7 ce 7ylllfl7x27 f($2)7 tr anil(x2>7

2 2 2 k+1 | k+1 k+1
yanlv"‘7ylg—17'°‘7xkaf(xk)""7fnk(xk)7y0+ ,?J1+ a"'ylk—iﬁxl}

Using the periodic shadowing property for f there exists a periodic point z € X so that
d(fi(z), fi(z,)) < € for every 0 < j < n; and

d(frHPtmttpiati () () <e, V i€{2,...,k}, V j€{0,1,...,n;}

where each p; is bounded above by K. Since 0 < ¢ < min,; d(I';,I';)/2 we conclude that
z € I'. This proves f |r satisfies the periodic gluing orbit property. Since Homeo,(X) is
open in Homeo(X) it is sufficient consider Ry := Ro N Homeo,(X). O

In order to prove Theorem D consider the set A := {f € Homeoy(T?) : int(p(F)) # 0},
which does not depend on the lift F'. Misiurewicz and Ziemian proved that A is open in
Homeo,(T?) [34, Theorem B|.

The Theorem 1.2.5 and 4.1.3 is enough to prove the following:

Lemma 4.2.3. Take f € A and let F be a lift of f. There exists a I' C Q(f) chain

recurrent class such that p(F' |z-1r)) is non-trivial. Moreover, hy,(f [r) > 0.
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Proof. Suppose, by contradiction, that int(p(#)) # 0 and that p(F |-1(r)) is trivial for
every chain recurrent class I' C Q(f). Since rational points in the int(p(F')) are realizable
by periodic point of f, due Theorem 1.2.3, given a small disk D C int(p(F)) # 0, there
is x € T? and & € 7 () such that p(F,z) = D (by Theorem 1.2.5). In consequence
D C p(F |z-1r)) where I' denotes the chain recurrent class of f containing the point z,
leading to a contradiction. The previous argument shows that there is a chain recurrent
class I' C Q(f) such that p(F |z-1(r)) has non-empty interior. By Theorem 1.2.5, this

implies the conclusion of the lemma. O

4.2.2 Proof of Theorem D

Let Rq be given by Proposition 4.2.2 and take the residual subset Ry = Rg N AND.
Given f € Ry, the variational principle for topological entropy together with the Poincaré
recurrence theorem imply that the topological entropy is supported on the non-wandering
set and hy,,(f) = max{h,,,(f |r)}, where the maximum is taken among the set of chain
recurrent classes I' in Q(f).

We claim that there is a chain recurrent class I' such that X, N I"is Baire residual
in T'. Indeed, as int(p(F)) # 0, Lemma 4.2.3 implies that there is a chain recurrent class
I' such that int(p(F |r)) # 0. In particular h,(f |r) > 0, by Theorem 1.2.5. Since
int(p(F |r)) # 0, the restriction of the displacement function ¢z = F — Id on 7 '(T') is
not cohomologous to constant consequently X, N T # (.

Theorems A and B imply that X, ;NI is Baire residual and has full topological
entropy and full metric mean dimension in the chain recurrence class I'. This proves the

theorem.
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Chapter 5

Rotation sets on T¢ are generically

convex

The main goal of this chapter is to prove Theorem E. If p € T¢ is a periodic point
of prime period k > 1 (with respect to f) we denote by p, = %Z?;& d7i(p) the periodic

measure associated to p. We will use the following:

Lemma 5.0.4. Assume that A C T? is a compact f-invariant set. If f |5 satisfies the

periodic gluing orbit property then periodic measures are dense in My(f |p) (in the weak®

topology).

Proof. The proof is a simple modification of the arguments in [48] (where it is considered
the case where [ satisfies the specification property). We will include a brief sketch for
completeness.

Let (¢0n)n>1 be countable and dense in C°(A,R) and consider the metric d, on M(A)
given by d.(v, 1) = 0,5, | [ ¥ndv — [Wndp|. This metric is compatible with the
weak* topology in M(A). The compactness of M;(f |5) and the ergodic decomposition
theorem, ensures that for any n € My(f |s) and ¢ > 0 there exists a probability vector
(cvi)1<i<k and ergodic measures (7;)1<;<x so that d.(n,7) < /2, where 7 = Zle a;n;.
It is enough to construct a periodic point p € A such that d.(p,,7) < (/2. By
definition of weak* topology, one can choose ¢ > 0 so that if d,(z,y) < e, then
d.(% Z;:& 6fj(x),%2?:—01 dpigy)) < ¢/10. Let m(e) > 0 be given by the gluing orbit
property. Choose N > 1 large and for any 1 <17 < k:

e pick z; € A so that d. (% Z}:& Ofn(zy), M) < (/10 for every n > N,

e let n; > N be so that ‘Z’?mlnj —ai‘ < ﬁ and % < %.
Jj= Jj=
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By the periodic gluing orbit property there are positive integers 0 < m; < m(e) and a
periodic point p € A of period k(p) = S2F_ (n; + m;) satisfying

dy, (fi<itm) (p) a;) < e for every 1 <i < k.

Then, by triangular inequality, it is not hard to check that

x(p) k ni—1

di(pip, 1) < ( Z Fiw) s Z Z Oyi m))

=1
k n;—1

k n;—1
( PIPILCR S e D
=1 j=0 j 1 J =1 j=

f] xl))
=0
k; n;—1 n;—1

SN b, Z o Z pscen)

]1”]@1]0 =

F (35S i )

_2km) 8¢

k(p) 10 = 2

which proves the lemma. [

5.0.3 Proof of Theorem E

Let d > 2 be an integer and let R3 := R3 be the C-residual subset in Homeoy, ,(T%)
formed by homeomorphisms with the specification property (cf. Corollary 4.1.1). Given
f € R3 and a lift I recall that

Perg(F) C p,(F) € p(F) C pino(F),

where p,,(F') is convex.

We claim that p(F) DO pi(F) for every lift F' of a homeomorphism f € R3. Given
an arbitrary v € pi,,(F) and n € M, (f) so that v = fgap dn. By Lemma 5.0.4 there
exists a sequence (p,,), of periodic points so that u,, — 1 as n — oco. In particular, since
@r is continuous, if x(p,) > 1 denotes the prime period of p, and p, € 7 (p,), then

1
or( fjpn —>/g0Fdn—v as n — 00.

Fren) (5,) — %

K(pn) Pn) =

This ensures that v € p(F'). Therefore, p(F') = pino(F) is convex and proves item (1) in
the theorem. The proof of item (2) is completely analogous, using the rotation set on each

chain recurrent class instead of the generalized rotation set, Proposition 4.2.2 instead of
Corollary 4.1.1 and taking R4 := R,.
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Chapter 6

Flows with reparametrized gluing
orbit property, suspension flows and

rotation set

In this chapter we are interested in proves the Theorems F, G and H.

6.1 Proof of the Theorem F

In this section we prove the Theorem F, it is a generalization of the Theorem A, since
that reparametrized gluing orbit property implies gluing orbit property. This Theorem
implies the Corollary B. The proof follows a strategy of Li and Wu in [25]. Let (X); :
M — M be a continuous flow with the reparametrized gluing orbit property on a compact
U-invariant A C X and let ¢ : M — R? be a continuous function. If I, is trivial we are
done. Thus, suppose that I, is non-trivial.

Let D C A be a countable and dense set. Given € > 0 fixed let K (¢) be given by the
gluing orbit property on A.

For we L,, 6 >0 and n € N set

<a}.

Clearly, for w € £, and any ¢ > 0 the set P(w, ,t) is not empty for sufficiently large ¢.

P(w,6.t) = {a: €A H%/Otw(Xr(x))dr—w

By property of gluing, since that I, # () we have that there exists u,v € L, distinct,
let {0k }r>1 N\« 0 be a sequence of positive real numbers and {t;}r>1 * 00 be a sequence
of integers with ¢, > K, meaning here limy_, If—: = 0, where K, := K(g/2%), so that
P(u,8y; 1, ty; 1) # 0 and P(v,dy;,t,;) # 0, forall j > 1. Giveng € Dand k > 1, let Wy =
{q}. For j > 1let W,; | be a maximal (t,; ,,8¢)-separated subset of P(u,dy; 1,ty; 1) # 0
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and W,; be a maximal (t,;, 8¢)-separated subset of P(v,dy;,1,;) # (). Choose a sequence

of integers { N, }x>1 so that

. t,+K
limy_, o ’“Tk’“ =0, and

Ni(ty+K1)++Ng(t, +Kg
1(t +K1) - [USE Y (6.1.1)

We need the following auxiliary construction. The reparametrized gluing orbit
property ensures that for every z, := (x’f,,xﬁ,k) € (W;,)Nr there exists a point

y = y(zx) € X, a reparametrization 7 € Rep(e) and transition time functions
k. 117Nk S
p; Wit xRy = N, j=1,2,...,Ny—1

bounded by K, so that

d(XT(ajH)(y),Xt(x?)) < %, for every t €10,t,] and j=1,2,..., Ny —1, (6.1.2)

where
0 if j =1
a; = | . (6.1.3)
G—Dt +3021pF ifj=2,..., N,

For k > 1 and j € {1,2,..., N, — 2} we have that p¥ = pi(af, a5, ... 2% ,¢) is a
function that describes the time lag that the orbit of y = y(z;) takes to jump from a
yx-neighborhood of X; (z?) to a sz-neighborhood of x§+1, and it is bounded above by K.

We order the family {Wj}r>1 lexicographically: Wy < W if and only if k£ < s.
We proceed to make a recursive construction of points in a neighborhood of ¢ that
shadow points Nj in the family Wj successively with bounded time lags in between.
More precisely, we construct a family {Lx(q) }x>o of sets (guaranteed by the gluing orbit
property) contained in a neighborhood of ¢ and a family of positive integers {/, } x>0 (also

depending on ¢q) corresponding to the time during the shadowing process. Let:
e Lo(q) = {q} and Iy = Nyt, = 0;

o Li(q) = {z = 2(qy(x)) € X : @ € W} and I, = py + s with
s, = Nin, + MMt where 2z = 2(q,y(x1)) satisfies d(z,q) <

r=1 and

3
A(X a4y (2), Xy (y(21))) < §, for every t € [0, s;] and y(z1) is defined by (6.1.2),

7 € Rep(5) and 0 < p) < K(5) is given by the gluing orbit property;

o Li(q) = {2 = 2(z0,y(zs)) € X: 2 € W,* and 2 € L1}, and [, = 1,_, +pk + s,
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with s, = Ngn,, + Ef,v"l ! pk. where the shadowing point 2 satisfies
3
d<XT(t)(Z)7XT(t)<ZO)) < 2_k’ Vite [07 lkfl]

and

X7, o (2): Xey (y(2r)) < o V€0, 5],

hadl, 3 Qk’
for 7 € Rep(5).

Note that since 7 € Rep(5z) C Rep(e), then 7(t, + pf) — 7(t) < (1 + €) K.
The previous points y = y(x;) are defined as in (6.1.2). By construction, for every
k>1
k No—1
lk—ZNn +Y ) ) (6.1.4)
r=1 t=0
Remark 6.1.1. Note that [, and s, are functions (as these depend on pf) and, by definition
of Ny, cf. (6.1.1), one has that % < Zf:l+:+m*) tends to zero as k — oo.

For every k > 0, ¢ € D and ¢ > 0 define

~ £
Ri(g,€) = U Bl (z, ?> and R(q,e m Ri(q,
z€Ly(q)
where E{k (z,6) is the set of points y € X so that d(X,(2), Xa(y)) <0 forall 0 <a<
l,, — 1. Note that 7 depend of point z chosen, but we will omit it.

Consider also the sets

®=0Umep=UUN U 5l ) 615)

j=1qeD j=1q€D k=0 z€Ly(q

The following lemma, identical to Propositions 2.2 and 2.3 in [25], ensures that R is

a Baire generic subset of X.
Lemma 6.1.2. R is a Gs-set and it is dense in X.

Proof. First we prove denseness. It is enough to show that R N B(xz,r) # 0 for every
r € X and r > 0. In fact, given x € X and r > 0, there exists j € N with 2/j < r
and ¢ € D such that d(x,q) < 1/j. Given y € R(q, %) it holds that d(q,y) < % because
R(q,%) C B(q, %) Therefore, d(z,y) < d(z,q) + d(q,y) < 2/j < r. This ensures that
RN B(x,r) # 0.

Now we prove that R is a Gs-set. Fix j € N and ¢ € D. For any k > 1, consider the

= U aoy)

ZELk

open set
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where B] (z,6) is the set of points y € X so that d(X,(x), Xa(y)) <0 forall 0 <a<
l,_;—1. Note that G(q,¢) C Ri(q,¢) for any k > 1. We claim that Ry11(q,¢) C Gi(q,¢€)
for any k£ > 1. The claim implies that

g) = mRk(q,g) = ﬂ Gr(g,€)

and guarantees that R is a Gs-set.

Now we proceed to prove the claim. We prove that Ry.1(q, &) C Gi(q,¢) for any k > 1.
Given y € Ryy1(q, ), there exists z € Ly1(q) such that y € ElTkH(Z’ 5r7)- By definition
of Liy1(q), there exists zy € Li(q) and 7 € Rep(5z) such that d( X (2), Xr¢)(20)) < 55z
for all ¢t € [0,[,]. Thus,

€ e €
Ok+1 + ok+1 — 9k

for all ¢ € [0,1,]. Therefore, y € Gk (g,¢). This proves the claim and completes the proof

of the lemma. O

We must show that R C I,,. It sufficient to prove that R(e, q) C I, for any € and any
q € D. For any n > 0 put var(p,n) := sup{| o(z) — ¢(y) |: d(x;y) < n} By compactness,
var(y,n) — 0 as n — 0. We need the follows lemmas whose the proof are quite similar to
Lemmas 2.1 and 2.2 in [25].:

Lemma 6.1.3. For every k > 1, the following hold:
(i) if k is odd and y = y(x), then

| / D dr = sl < Nt (var(e, 25) + 6) + 2N, = DRl
(i) if k is even, then

| / Xei (W) dr = s < Nt (var(e, 25) + 6, ) + 2N, = DElelloc
Proof. Let k > 1 be fixed and assume that it is odd (the case it is even is completely
analogous). By construction of W}, and relation (6.1.2) there exists (zf,... 2% ) € W
so that

d(XT(aj-i-t)(y))Xt(x?)) < or
H/ (a;+7) ))d'r—tkuH < ‘ fo Koo+ dr—fo dr”
+H i (X (ah)) dr — tkuH (6.1.6)

<t (var(p. 5) + 4.,

o8



for every j =1,2,..., N, — 1.
On the other hand, as ||u|| < ||¢]|, We also have that

%
| [ et @)) = | < Kalllol + ) < 2Kl (6.1.7)
0

for every 7 =1,2,... N — 1.
Moreover, decomposing the time interval [0, s, — 1] according to shadowing times and

transition times
N1

N,
[0, s, — UJ,]Hk U J b+t b+t +pf = 1],

j=1
For times on the intervals [b;, b; +t, — 1] and [b; +1t,, b; + 1, +p} — 1] and using (6.1.6)
and (6.1.7), respectively, we get

€
H/ Xemy(w))dr — s, u H < thk(var (go, ﬁ) +5k) + (N, — D2Kk]|#]l oo
as desired. O

The next lemma is a step in the proof that Birkhoff averages of points in R oscillate

between the vectors v and v.

Lemma 6.1.4. For every k > 1 the following hold:
RSP !
(1) if k is odd and z € Lg(q), then iH Jok eo(Xey(2))dr — || — 0 as k — oo; and

(1) if k is even and z € L(q), then -+ || fo ) dr— v|| =0 as k — oo.

Proof. (i) Fix k > 0 odd. Let z = z(zo,y(%)) € Lk(q), y =y(zy) and I, = ly_1 + pk + s,
be given as on the definition of L(q). Then,

€
d(XT(lk,l-‘rplg—i-t) ('Z)7 XT(t) (y)) < 2k’—l’
for every t € [0, s, ].
Hence,
lk
| [F etk =t < | [ o0t o) ar 5]
+ lk 1 +po)HSO”oo
Sk
= H/ U 1+p0+7’( ))dT’—/O QO(XT(T)(y))dTH
o | [T etk = s

+ 2(Ly + 25| 0lloo-
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Dividing the previous expression by [, and appealing the Lemma 6.1.3 we obtain that

2(1,_, +pk -~
N H/ X uH < spvar <<p, %) + (i lpr)HSOH
Nksk(var(w, o) + 5k> +2(N, — 1)Kl oo
+
i
N. nk

<1 and

which goes to zero as k — oo, because b < 1,

g _ Notot SN+ K)) + Ky,

0
o I -

when k — oo.

The proof of item (ii) is analogous. O

We are now able to prove that R(q,e) C I,. If z € R(q,¢), then z € E[%(z,e/Q%)
for some z € Lak(q). Note that z = z(z, y(zox)) satisfies d(X;(z), X-)(2)) < 55 for all
t € 10,1y, — 1] and d(Xy(z), X7 (2)) < 555 for all t € [ly,_y, 1y, — 1].

On the other hand, there exists zyp € Log—1 so that d(X;u)(2), Xr)(20)) < 55 for all
t €[0,ly,_; — 1]. Consequently, d(X;(x), X;¢)(20)) < z=r, for all t € [0,1,,_, — 1].

Therefore,

l2k:71
| [ etxndr =ty
2k—1 l2k 1 2k—1
H/ dr—/ Xroy(20) drH + H/ X0 zo))dr—l%_luH
0

2k—1
< oy var (SO, W) + H /0 ‘P(XT(T)(ZO)) dr —ly,_ju ‘

By Lemma 6.1.4 we have that Hﬁ fol%’l o(X,(x))dr — uH =0 as k — oo.

\ <

In the similar way we can proves that HlL fé% o( X (x))dr — UH — 0 as k — oo.
2k
This proves that x € I, and therefore R(q,e) C I,. The proof that R C I, is now
complete.

6.2 Points with historic behavior for suspension flows

In this section we are interested to proves the Theorem G. For this, we need of the

following Theorem.
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Theorem 6.2.1. [7, Theorem F] Let M be a metric space and let f : M — M with
gluing orbit property. Assume the roof function R : M — R, is bounded from above and

below, is uniformly continuous and the constants

Ce=sup sup |S,R(x)— S,R(y)|< oo, satisfy ]Ein(l) Ce =0,
_>

n>1 yeB(z,n,£)
where S, R = Z?;SR o fI. Then the suspension flow (Y;); over f has the gluing orbit
property.

Counsider the set

n—1 s
IA {x eM: Z; =0 1o f°(z) does not exists}
n—)oo Ez o w2 of8< )

Inspired in [3], we can prove the following Theorem, using the techniques similar to

Theorem A. Essentially the difference is that Hopf Theorem must be used for quotients
of Birkhoff average instead of Birkhoff Theorem.

Theorem 6.2.2. Let (X;); a suspension flow over f : M — M where f satisfies gluing
orbit property, 1V : M — R% and 15 : M — R? continuous with inf ¢y > 0. Then fp 18

either empty or Baire residual.
We are able to prove the Theorem G

Proof. Let (X;); a suspension flow over f: M — M and ¢ : M — R? continuous. Given
veEMandt>1, writet = R"(v) +q withn € Nand 0 < ¢ < R(v), where R: M — R,
is a measurable roof function given by R"(v) =3 7" " Ro fi(v). Thus,

1 1

t R™(v)
tLITOOE/O poX.(v,8)dr = nl_l)rfwm/o po X.(v,s)dr

"(v)
/ po X,.(v,s)dr
0

where Z(v) = [/ o o X, (f"(x), ) dr and Z"(v RO 6o X (f () dr

Thelrefore7 we can write the irregular set as follows

Zn
I, = {(v,s) €M, : nl_l}tﬁ)o 7 EZ; does not exists

H—/
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Using the Theorems 6.2.1 we have that (X;); satisfies the gluing orbit property. Thus,
we can use the Theorem 6.2.2 with ¢; = fOR(') po X, (+) dr and ¥y = R, note that inf R > 0.

Therefore, I, is either empty or residual. O

6.3 Suspension flows and rotation set

In this section we are interested to prove the Theorem H.

Proof. Suppose that roof function r : ¥ — (0,00) is coboundary, in particular R is
coboundary. Let ¢t > 1 and n = n(z, s) such that R"(z) <t < R""(z).
As R"(z) <t < R""(z) < R"(x) + || R||co, we have that

T RMa) T R(x)
and consequently,
. t
tlggv R”(:p) o

Let (z,s) € M, so that p(F, ) is a rational vertices of p(F') and suppose (from the
previous paragraph) that ¢ ~ R"(x), then

Yi(z,s) — (x, ) 1
t R (x)

(F”(:v)—x,R”(m)):(Fn(x)_m " 1).

n R™(x)’
n : 1

The term T can be written by Ty Rp@)”

¢ € R and x bounded such that R =c+ x — x o f, thus

Since R is coboundary there are

n—1

1 , 1
- R(fI B _ ny
-2 R(P@) = (et x—xof)
7=0
In particular,
1 n—1 '
—ZR(fJ(x)) — ¢,a8 N — 00.
n<=
Therefore, RnL(x) — %, as n — oo.

So,

(Y (,8)) = lim 11823 = (@:9)

t—o00

= Jim (F(xfz — 1)

_ (p(F, x)%, 1> |
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Note that such limit exists, because RnL(x) — %, as n — oo and x was chosen so that
p(F, ) exists.

So, doing this for every vertex of p(F) and knowing that p((Y:):) is connected, we
get that p((Y;):) = <Lf), 1) (is possible that p((Y;);) is a class). This is, p((Y;);) is a

polygon. O
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Chapter 7

Some comments and further

questions

To finish we will make some comments on related concepts and future perspectives.
First, the general concept of multifractal analysis is to decompose the phase space in
subsets of points which have a similar dynamical behavior and to describe the size of
each of such subsets from the geometrical or topological viewpoint. We refer the reader
to the introduction of [37] and references therein for a historical overview. The study of
the topological pressure or Hausdorff dimension of the level and the irregular sets can
be traced back to Besicovitch. Such a multifractal analysis program has been carried
out successfully to deal with self-similar measures and Birkhoff averages [37, 38, 42, 54],
among other applications. We expect that our methods can be applied in other related
problems as the multifractal analysis of level sets for Birkhoff averages.

A different question that can be endorsed concerns the concept of localized entropy.
In [32], studied the directional H(v) entropy (in the direction of a rotation vector v)
introduced in [26] (we refer the reader to [26, 32] for the definition). They prove that,
if the localized entropy satisfies some mild continuity assumptions, the localized entropy
associated to locally maximal invariant set of C1*-diffeomorphisms is entirely determined
by the exponential growth rate of periodic orbits whose rotation vectors are sufficiently
close to v (cf. [32, Theorem 5] for the precise statement). While it is not hard to check
that any fixed rotation vector v there exist points whose pointwise rotation set coincides
with v in the case of maps with the gluing orbit property, we expect that the inequality
H(v) < lim._,o limsup,,_, ., = log #Per(v,n,¢) holds.

One different question concerns the Hopf ratio ergodic theorem. More precisely,
although we did not pursue this here, it is most likely that our results can describe the

set of points with historic behavior for quotients of Birkhoff sums in the spirit of [2, 52],
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with possible applications to the case of suspension flows over continuous maps with the
gluing orbit property, considered in [7].

Finally, the convexity of the rotation set played a key role on the rotation theory
for homeomorphisms on the 2-torus. Hence, we expect Theorem E to contribute for
the development of the rotation theory for generic conservative homeomorphisms on
tori. In particular, taking into account [39], an interesting open question is whether
the rotation set of a C°-generic homeomorphisms on T¢ homotopic to the identity is a
rational polyhedron.

We work in the case of flows trying to generalize the theorems done here in the discrete
case. We are most interested in the study of flows for the rotation set. In the case of the

Theorem H, the reciprocal we believe to be true. Working on it.
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Appendix: Lifts for continuous flows
on T¢

Let d € N\ {0}. The map 7 : T¢ — R? given by z +— x( mod Z%) is called the
natural projection. A lift of a map f : T — T? is a map F : RY — R? that satisfies
fom=moF. The own of this section is to show how construct a lift for homotopic to
identity continuous map on T¢, with d > 1 and for continuous flows on T%.

Let X be a topological space. A covering space of X is a topological space € together
with a continuous surjective map p : € — X such that for every x € X, there exists
an open neighborhood U of x, such that p~!(U) is a countable union of disjoint open
sets C,...,C subset in € so that p | C; : C; — U is a homeomorphism for every
i€ {l,...,k}, ie., each of which is mapped homeomorphically onto U by p. The map p
is called the covering map and the space X is called the base space of the covering, and
the space € is called the total space of the covering. A covering space is the universal
covering space if it is simply connected.

A exemple of covering map is the natural projection 7 : R — T?, with d € N and
the covering space of T¢ is R

Consider f : T¢ — T a continuous map, we will show how to get a lift ' : R¢ — R?
from f. For this, we use the following auxiliar Proposition 6.7 page 135 due Elon L. Lima,
[16].

Lemma 7.0.1. Let X a space metric compact and «y : [0,1] — X a continuous curve.
Given xy € 7 1(v(0)) there exists a unique 7 : [0,1] — X, where X is universal covering
of X, such that w(7(t)) =~(t), Yt €[0,1] and 75(0) = x,.

Let d > 1, 2 € T? and y := f(z). Let o : [0,1] — T? a curve such that a(0) = =
and a(1) = y, by Lemma 7.0.1 there exist a curve & : [0,1] — R<, lift, which is a copy
of a on R? such that &(0) = 7 and a(1) = ¢. Since 7 is continuous and onto, follows that

m(@) = a. Therefore, we will define a function F' : R — R? that satisfies F'(Z) = .
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Note that under these circumstances

Let Uy a open neighborhood of x. For every point z, € Uy N'T¢ we can repeat the idea
of the previous paragraph to define a connecting x to z,. Thus we obtain a function F'
defined in the whole set Uy such that if x € Uy and y := f(x), then F(z) = 3.

Since T? is compact we can define F in the whole T?. Finally, since R? is a universal
covering of T¢ we can repeat construction above using Lemma 7.0.1 and getting F :
R? — RY (lift of f), given by F(Z) = 7.

Remark 7.0.2. Hold that fon(y) = 7o F(y). In fact, let y € R? and n(y) =: x € T4
Then there exist a curve & such that @(0) = y and a(1) = F(y) and a curve a = 7(a)
such that «(0) = x and «(1) = f(x). Therefore,

Let a continuous flow (X;), on T? we will construct o lift (V;); on R*: Let z € T?,
t € R and y := X;(z). So, we can consider « : [0,1] — T? a curve such that «(0) = x
and a(1) = y, by Lemma 7.0.1 there exist a curve & : [0, 1] — R?, which is a copy of « on
R3 such that @(0) = z and a(1) = y. Since 7 : R® — T? is continuous and onto, follows
that (@) = a. Fixed t we can define a function Y; : R® — R3 by Y;(a(0)) = a(1). Note
that hold
7(Yy(2)) = Xy(n(x)), for allz € R3

and

Yi(z +v)=Y(x) +v, for allz € R*andv € Z3
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