UNIVERSIDADE FEDERAL DA BAHIA- UFBA
INSTITUTO DE MATEMATICA - IM

PROGRAMA DE POS-GRADUAGAO EM MATEMATICA - PGMAT

TESE DE DOUTORADO

ON THE BEHAVIOUR OF THE SINGULAR
VALUES OF EXPANDING LORENZ MAPS

FABIOLA DE OLIVEIRA PEDREIRA

Salvador-Bahia
Julho de 2020



ON THE BEHAVIOUR OF THE SINGULAR
VALUES OF EXPANDING LORENZ MAPS

FABIiOLA DE OLIVEIRA PEDREIRA

Tese de Doutorado apresentada a0
Colegiado da Pés-Graduacao em Matematica da
Universidade Federal da Bahia, como requisito
parcial para obtengao do Titulo de Doutora em
Matematica.

Orientador: Prof. Dr. Vilton Jeovan Viana

Pinheiro.

Salvador-Bahia
Julho de 2020



Pedreira, Fabiola de Oliveira.
On the Behaviour of the Singular Values of Expanding Lorenz Maps /
Fabiola de Oliveira Pedreira. - Salvador: UFBA, 2020.

84 f. : il

Orientador: Prof. Dr. Vilton Jeovan Viana Pinheiro.

Tese (doutorado) - Universidade Federal da Bahia, Instituto de Matemética,
Programa de Pés-graduagao em Matematica, 2020.

1. Expanding Lorenz Maps 2. Dimensao de Hausdorff. 3. Expoente de
Lyapunov. 4. Recorréncia Lenta. 5. Familia a dois-parametros. 6. Sistemas
Dinamicos - Tese. I. Pinheiro, Vilton Jeovan Viana. II. Universidade Federal
da Bahia. Instituto de Matematica. III. Titulo.

CDU : 515.122.4
: 517.938




ON THE BEHAVIOUR OF THE SINGULAR
VALUES OF EXPANDING LORENZ MAPS

FABIiOLA DE OLIVEIRA PEDREIRA

Tese de Doutorado apresentada a0
Colegiado da Pés-Graduacao em Matematica da
Universidade Federal da Bahia, como requisito
parcial para obtengao do Titulo de Doutora em

Matemética.

Banca examinadora:

Prof. Dr. Vilton Jeovan Viana Pinheiro (Orientador)
UFBA

Prof. Dr. Paulo César Rodrigues Pinto Varandas
UFBA

Prof. Dr. Manuel Stadlbauer
UFRJ

Prof®. Dr?. Maria José Pacifico

UFRJ

Prof. Dr. Alberto Adrego Pinto
FCUP



A meu filho e minha mée

pelo carinho e apoio.



Agradecimentos

Ao longo desses anos muito aprendizado foi adquirido, ndo somente na area de
matematica. Além disso, surgiram novos amigos que contribuiram de diversas maneiras
para que esse sonho pudesse se concretizar, talvez seja dificil citar todos aqui. Neste
periodo pude vivenciar momentos maravilhosos, felizes e também momentos dificeis e
angustiantes. Com certeza nada disso foi em vao, todo esforgo valeu a pena.

Em primeiro lugar agradeco a Deus, por ter me fortalecido e me capacitado para
continuar nessa jornada. SO Ele conhece todas as minhas fraquezas e limitagoes, e o
quanto sou grata por tudo que Ele proporciona em minha vida.

Agradeco a minha familia por todo apoio e incentivo, meus irmaos Fabio e Jorge, por
contribuirem para o nosso bem estar, e principalmente a minha mae e meu filho por todas
as palavras de forca, abracos carinhosos que tanto me confortaram e por compreenderem
todo esse momento. Voceés sao tudo para mim!

Agradeco ao meu orientador Vilton Pinheiro, primeiro por ter aceitado essa missao,
sei que orientar nao é uma tarefa facil. Por tudo que aprendi com vocé durante toda
essa jornada, principalmente nos momentos de orientagao tao descontraidos com todo
seu bom humor e otimismo, sentirei falta desses momentos. Muito obrigada por toda sua
paciéncia, dedicagao e compreensao nessa etapa final, por ter me encorajado e incentivado
em momentos que eu achava que seria impossivel conseguir finalizar essa etapa. Tenho
muita admiragao por voce!

Agradeco a Paulo Varandas, por todo carinho, preocupacao, incentivo, conselhos,
nao sé6 nessa fase final do curso, mas todas as vezes que precisei. Por tudo que vocé
me ensinou, por ter sido fundamental para essa conquista. Sua amizade e de Lari estao
guardadas no meu coragao!

Ao professor Vitor Aratjo, por seus valiosos ensinamentos e por toda sua assisténcia
enquanto coordenador do curso.

Ao professor Manuel Stadlbauer por toda sua competéncia em ensinar, e pela sua
simplicidade.

Aos membros da banca, os professores Paulo Varandas, Manuel Stadlbauer, Maria

José Pacifico e Alberto Pinto, por terem aceitado o convite, pelas suas correcoes e su-



gestoes.

Obrigada aos professores Tertu e Cris pela sua atengao e disposi¢ao em ajudar.

Ao professor Armando, atual coordenador do curso, por todo seu auxilio.

Aos funcionarios do Instituto que nos auxiliam durante todo este periodo, em especial
a Davilene.

A UEFS e a 4rea de Matemética por ter me concedido afastamento das minhas
atividades para a realizagao deste curso e pelo apoio financeiro.

Aos meus colegas e amigos da UEFS, sei o quanto estavam na torcida, em especial a
Joilma e Cristiano.

Aos amigos que torceram por mim, em especial minha irma de coragao Cristina, pela
preocupacao e incentivo.

A todos os colegas da UFBA, pelos momentos agradaveis de convivio, em especial
a Elen, Jacq, Carlos, Roberto, Morro, Heides, Vinicius, Renato, Diogo, Pedro. E com
muito carinho Edvan, Adriano, Adriana e Alejandra, sempre generosos em ajudar.

E por ultimo, aqueles que se tornaram tao importantes em minha vida:

A Jucy e Darlan, pelos anos felizes iniciais em que dividimos apartamento como uma
familia. Darlan, obrigada pelas idas e vindas Feira/SSA em que me fazia rir com suas
brincadeiras e por toda amizade e ajuda em véarios momentos.

A Carol e Junilson, pelo apoio, amizade, carinho e pelas oragoes. Ju, obrigada por
suas valiosas contribuicoes com discussoes e com o texto.

E enfim, a Elaine, Sara, Mari, Di e Lipe, por todos os momentos, pela amizade, ca-
rinho e consolo, por todo estudo em grupo e pelas contribui¢oes com discussoes pertinentes

a nossa area de pesquisa. Por serem tao especiais! Amo voces!



“A persisténcia € o caminho do éxito.”

Charles Chaplin.



Abstract

In this work we study one-dimensional expanding Lorenz maps f with the same sin-
gular point ¢. We show that if the orbits of singular values satisfy a condition of slow
recurrence, then every ergodic invariant probability has slow recurrence to the singularity
and it has finite Lyapunov exponent. Moreover, we show that generically the singular
values do not belong to the basin of its SRB measure. Also, we show that singularity
allows the existence of many ergodic invariant measures with full support, having positive
entropy, fast recurrence to the singular region and infinite Lyapunov exponent. Further-
more, we consider a two-parameter standard family of these maps and prove that there
is a cone in the parameter space, in which we find sets of points on the curves, which
has positive Hausdorff dimension, so that the maps associated to these points have finite
Lyapunov exponent for every ergodic invariant probability, and there is one and only one
equilibrium state for a given Holder potential.

Keywords: Expanding Lorenz, Lyapunov exponent, slow recurrence, two-parameter

family, Hausdorff dimension.
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Resumo

Neste trabalho, estudamos mapas de Lorenz expansor unidimensional f com mesmo
ponto singular ¢. Mostramos que se as érbitas dos valores singulares satisfazem uma
condicao de recorréncia lenta, entao toda probabilidade invariante ergdédica possui recorrén-
cia lenta a singularidade e expoente de Lyapunov finito. Além disso, mostramos que gene-
ricamente, os valores singulares de um mapa de Lorenz expansor, nao pertencem a bacia de
sua medida SRB. Mostramos também, que a singularidade permite a existéncia de muitas
medidas invariantes ergodicas com suporte total, entropia positiva, recorréncia rapida a
regiao singular e expoente de Lyapunov infinito. Além disso, consideramos uma familia a
dois parametros destes mapas e provamos que existe um cone no espaco de parametros,
no qual encontramos conjuntos de pontos em curvas, com dimensao de Hausdorff positiva,
de modo que os mapas associados a estes pontos possuem expoente de Lyapunov finito
para todas as probabilidades invariantes ergddicas, e existe um nico estado de equilibrio
para cada potencial Holder.

Palavras-chave: Lorenz Expansor, expoente de Lyapunov, recorréncia lenta, familia

a dois-parametros, dimensao de Hausdorff.



Contents

Introduction| 1
(1 Definitions and Preliminary Results| 10
(1.1  Expanding Lorenz Maps| . . . . . ... ... ... ... ... ... ..... 10
[LII1 NiceIntervall. . . . . . . . . . . .. ... .. ... 11

(1.1.2  First Return maps and construction of nice intervals | . . . . . . . . 13
2__Proof of Theorem ICl| 17
[2.1 Construction of residual sets Rope R4 . . . . . . . . . . . . . ... .. ... 19
[2.1.1 Construction of set Rol . . . . . . . . . . . . ... ... 20

[2.1.2 Construction of set R¢| . . . . . . . . . .. ... 23
3__Proof of Theorem Bl 25
4__Proof of Theorem [DI] 35
[4.1  Markov Map and Nested set| . . . . . . .. ... .. ... ... ... .... 36
[4.1.1 Hyperbolic Times| . . . . . . ... ... ... ... ... . ...... 37

[4.1.2  Nested set and Induced Markovmap| . . . . . ... ... ... ... 39

4.2 Hausdorft Dimensionl . . . . . . . . .. ... 40
[4.3  Symbolic Dynamics| . . . . . . ..o oo 45
4.4 Two-parameter family| . . . . . . . . .. ... oL 46
[4.5 Parameter Space Hausdorff Dimension | . . . . . ... ... ... ... ... 61

ermodynamic formalism of non-uniformly expanding maps

5 Th d ic fi li f 1fe | di | 68
5.1  Proof of TheoremIEll . . . . .. ... ... ... ... ... ... .. 70

[6 Measures with fast-recurrence to the singularity of a expanding Lorenz |

71
[6.1 Proof of TheoremIAl . . . . . . . . . . . . . . . . . 72

(Bibliography| 82




List of Figures

(1 otrange attractor. . . . . . . . . ..o 2
[2 Lorenz geometric attractor. (Figurein [AP))[ . . . . . ... ... ... ... 3
[3 Expanding case for Ay + A3 > 0 and contracting case for Ay + A3 <0, . .. 4
(1.1  Expanding Lorenz Maps.| . . . . . .. ... .. ... .. ... ... ... .. 11
(1.2 f5(a,b).| . . . 14
(.3 Return of interval (p,q) to Jy.| . . . . . . ..o oL 15
2.1 Mapo(z)| . . . . . 19
2.2 Map h(x)| . . . . .o 19
(2.3 Bump Function o(x).|. . . . . . 20
|2.4 Nice Interval and pre image containing f(c_) and f perturbation of f | .21
[3.1 Neighborhood V, ot 0| . . . . . . . ... ... .. ... ... ..., 30
[3.2  First entry of p in neighborhood V,..| . . . . . .. ... ... ... ... ... 32
4.1 Hausdorff dimension of Al . . . . . . ... 41
[4.2  Cantor set A with arbitrarily large Hausdorft dimension.| . . . . . . . . .. 44
4.3  Hausdorff metric d(f(c_),B)| . . . .. . .. ... ... . 44
.4 Subsets of A with large Hausdorff dimension close to f(c_).,. . . . . . . .. 45
1.5 Two-parameters family F ={f, .} . . . . . ... ... ... A7
[4.6  Variation of ¢, along curve . | . . . . . .. ..o 53
4.7 Variationof 6.1 . . . . . . . . ... 54
4.8 Jisand Ay, persist in thecone| . . . . . o000 o000 55
[4.9  Nice interval and images ot the boundary points.|. . . . . . . . . ... ... 56
{4.10 Point behaviour when varying (¢, s) along the smooth curve| . . . . . . .. 56

(.11 Variation of sets A, and points f;, ,, (c_) and f, 4 (ci), for t; > 1, and |

S1 > S0 . e e e e e e e 57
@.12 Points (t,s) € I'g on the curve ¢ with ¢ & wy, (fis(c-)). |. .. ... .. .. 59
.13 Curve ¢; and points (¢,s) € I';. | . . . . . ..o 60

.14 Points (¢, s) on curves, with the map f; ; being Misiurewicz. | . . . . . . . . 60




[4.15 Curve ¢)g in thecone|. . . . . . . .. ... ... ..o 61
[4.16 The map 7; 1s an Increasing map. |. . . . . . . . .. . .. ... ... .. .. 62
{4.17 Map (-, p) between local leaves for points pof Ag. |. . . . . . .. ... .. 63
[4.18 Map v; extension of map ~; in the points of the gaps. | . . . . . . . . . .. 63
.19 The curve (¢, x) for t varying in (tg —€,to+€). | . . . . . ... ... ... 64
|4.20 Map ¥ extension of map W. | .......................... 65
11.21 The map W is restricted to (tg — €t +€) X (tg — e, to+€). |. . . . . . . .. 65
[4.22 Hausdorff dimension of the projection on the axis¢. | . . . ... ... ... 66
[4.23 °S; projection of 1, ontheaxiss. | . . . . ... ... ... ... .. ..... 66
[1.24 The map W is restricted to (a;,b;) x (1 — b, 1 —a;). | .. . . ... .. ... 67
[4.25 Hausdorft dimension of the projection on the axis's. | . . .. .. ... ... 67




Introduction

One of the most impactful works in the area of Dynamic Systems were the studies
of mathematician and meteorologist Edward Lorenz, published in the Journal of Atmos-
pheric Sciences L] in 1963. Motivated by an attempt to understand the fundamentals of
weather forecasting, he obtained a model for the convection of thermal fluids, given by

the system of differential equations

r = —oxr+oy
y = pr—y-—az (1)
2 = —Pz+uaxy

for parameters o = 10, p = 28 and § = 8/3.
The behaviour observed by him in system , originated what is now known as a

strange attractor, whose shape is well known for being similar to a butterfly (see Figure|l)).

Figure 1: Strange attractor.

Lorenz and others observed, using numerical simulations, what in the open neighbor-
hood of the parameters almost all the points in the phase space tend to that they called

a strange attractor.



The difficulty in obtaining a rigorous analysis of the equations, caused many re-
searchers to suggest a geometric model for the Lorenz attractor. Among them, Afraimo-
vich, Bykov and Shil'nikov [ABS] in 1977, Guckenheimer and Williams |[GW] in 1979,
presented a construction of the model, dynamically similar to that of Lorenz, in a lin-
earized neighborhood, whose origin is a singularity with eigenvalues Ay < A3 < 0 < \;
and with expanding condition \; + A3 > 0.

Some authors such as Rovella |[R] and Brandao [BR2], consider a vector field similar,
but modifying the eigenvalues of the singularity to a contracting condition, taking A\; +
A3 < 0 and then working with properties of the contracting Lorenz attractor.

The Lorenz attractor can be described using global cross-sections. The dynamical
behaviour is then analyzed by taking the Poincaré return map to a section ¥ = {|z| <
1/2;|y| < 1/2;z =1}. From there, we obtain the first return map to X, P : ¥* — 3 that
has the form P(z,y) = (f(z),g(x,y)), where ¥* = ¥\ {& = 0} (see Figure 2). A more

detailed study of the attractor and its properties can be seen in [AP].

Figure 2: Lorenz geometric attractor. (Figure in [AP])

Due to the contraction of vertical leaves of ¥, points on the same leaf of the stable
foliation have essentially the same behaviour in the future, so, to understand the dynamics
of the P map, just observe the behaviour of a single point on each leaf, looking at the
quotient dynamics f.

Thus, many are dedicated to studying the properties of map f, and the purpose
here in this work is to study these Lorenz maps for the expanding case, observing the
behaviour of the trajectory of their singular values, since these orbits play a fundamental
role in describing topological and metrical properties of the dynamics. Here at work the

maps will be considered with the domain range being [0, 1] and we will denote by £ the



set of all these one-dimensional expanding Lorenz maps f in the interval [0, 1], with the
same singular point ¢ € (0,1). In Chapter , we will see about the map properties for the
expanding case and in the Figure [3| below, we can see the graph for the two cases, on the

left the expanding case and on the right the contracting case.

N
B e e s s e T
N

Figure 3: Expanding case for A\; + A3 > 0 and contracting case for A\; + A3 < 0.

One of the main goal in the study of Dynamical Systems is to describe the behaviour
for the orbits of as many points as possible when time goes to infinity. The existence of
invariant measures gives us information about this, they describe the behaviour of asymp-
totic time and provide a description of the measure of an attractor without necessarily
knowing it.

The most natural measure to think that would be the Lebesgue measure m is not
always invariant for the system, so we often try to find invariant measures that are com-
parable, in a certain sense, with the Lebesgue measure, which is the case of the absolutely
continuous invariants probabilities (a.c.i.p.). Throughout the text, whenever we mention
a.c.i.p. we will be referring to in relation to the Lebesgue measure.

Birkhoff’s ergodic theorem establishes the importance of these measures, but says

nothing about their existence.

Theorem (Birkhoff). . Let f : X — X preserve a probability measure p. Given any
o € L'(u) there exists p* € LY(u) with p* o f = ©* such that

Tim = 3" o filr) = (1) 2)
j=0

for v almost every x € X. Moreover, if f is ergodic, then ¢* = [ pdu almost everywhere.

We know (see Viana [Vi97]) that each map f € £ admits a unique measure y a.c.i.p.
with respect to m, which guarantees p ergodic and therefore p almost every point satisfies

for ¢* = [ pdp. When this occurs for any ¢ : X — R continuous, it means that these



points belong to the basin of measure p, B(u), see Definition 2.0.1 So, in the case of
f we have that the B(u) has full ;4 measure, which implies that the B(u) has a positive
Lebesgue measures, since p is a.c.i.p. and therefore p also is a SRB measures. However,
this may not be the behaviour for any chosen point, or specifically for the singular values
f(cx) of the map f.

Introduced in the decade of 1960 by Smale, the (uniformly) Hyperbolic Systems
became a reference in the study of Chaotic dynamical systems. For such a system, there
are three types of orbits, the contracting, the expanding and the saddle ones. For maps of
the interval, hyperbolic orbits can be only expanding or contracting. If f is a C* interval
map, a point p has a contracting orbit if |(f")(p)] < Ce *™ and an expanding one if
|(f")'(p)| > Ce*™ for every n > 1, where C' and A > 0. The Lyapunov exponent of a
point defined as

1 n
As(z) = lim —log |(f")'(2)]
whenever this limit exists. Hence, an expanding point p has positive Lyapunov exponent
and a contracting one has negative Lyapunov exponent. If p is an ergodic f-invariant
probability, it follows from Birkhoft’s ergodic theorem that A¢(z) = f:ce[o ) 1og |f'(z)|dp

for p almost every point. Thus, the Lyapunov exponent of y is defined as
A = [ Jog| (el
z€[0,1]

The following is a consequence of Theorem B in [P1]:

Theorem (Przytycki). Let C be a finite subset of (0,1) and f:[0,1]\C — [0,1] be a C*F
local diffeomorphism with non-flat critical region C such that limge cy—o f'(x) = 0. If p
is an ergodic f-invariant probability and Af(p) < 0 then there exists p € [0,1] and ¢ > 1

Y y4
such that p = %Z]’:O Opi(p_) OT j = %Z]’:o 0fi(ps)-

Where for p € [0,1] and j > 0, define f7(p+) = limg.o f7/(p £ €).

It follows from Przytycki’s result that ergodic probabilities 1 with A¢(p) = —oo must
be supported on a “periodic” critical orbit. In particular, those measures are very simples
ones: finite support and zero entropy (h,(f) = 0).

For an expanding Lorenz map f : [0,1] \ {¢} — [0,1], we have that Af(u) > 0 for
every ergodic invariant probability u. If ff(cy) = ¢ for some ¢ > 1, then \;(u) = +o0
for p = %2?21 0fi(cy). Of course, in this case, p has a finite support and zero entropy.
Nevertheless, in the expanding Lorenz’s context, we do not have the Przytycki’s result and
so, we don’t have a priori that p has finite support and zero entropy when A(p) = +o0.
The existence of “bad measures”, that is, measures with infinite Lyapunov exponents,
fast recurrence to the critical /singular region and positive entropy have been conjectured

for many years. In the present thesis, we show that bad measures indeed exist on the



expanding Lorenz context (Theorem . We also give a condition on the singular values
to assure that all invariant measures of a expanding Lorenz map have finite Lyapunov
exponents (Theorem . In particular, this condition is satisfied when the singular values
belong to the basin of attraction of the SRB measure ( Theorem [I). Nevertheless, we also
show that the singular values for generic expanding Lorenz maps do not belong to the
basin of attraction of the SRB measure (Theorem [C)).

In the study of non-uniform hyperbolicity for system with critical or singular region,
the slow recurrence to the critical /singular region plays a crucial role. For such systems,
it is common to assume a non-degenerated (non-flat) critical or singular region. For these
cases, almost all points, with respect to invariant probability u, have slow recurrence to
the critical /singular region if and only if they have only finite Lyapunov exponents.

It is interesting to note that the contracting Lorenz maps are far more diverse than
the expanding ones. In general, the study of the contracting Lorenz maps are more
complicated and subtle. But, due to the “bad measures”, this is not the case for the
Thermodynamical Formalism.

A map is called Misiurewicz when the critical /singular region is not recurrent. For a
Lorenz map f : [0,1] \ {¢} — [0, 1] this means that forward orbit of the critical/singular
values stay away form the critical/singular point (i.e., ¢ ¢ m) Misiurewicz maps
always have interesting properties. In particular, they satisfy the hypothesis of Theorem B
and so, Misiurewicz expanding Lorenz maps does not admit “bad measures”. In Theo-
rem D] we study the presence of Misiurewicz maps on the parameter space the standard
two-parameters families of expanding Lorenz maps. Although all results here, with re-
spect to the parameter space, are about the expanding Lorenz maps, we believe that they
can be adapted to the contracting case when the initial map has an absolutely continuous

invariant probability.

Statement of the main results

Let M!(f) be the set of all f-invariant probabilities and M?(f) be the set of all

ergodic f-invariant probabilities.

Theorem A. Let f : [0,1]\ {c} — [0,1] be a non-flat C* expanding Lorenz map with
singular point ¢ € (0,1). If there exist t > 1 and r > 0 such that f'(cy) = ¢ and
Of (f(c2)) N (e,c+ 1) =0, then there exists an uncountable set M. C M*(f) such that
if € M, then

1. p s ergodic;

2. supp = [f(cy), f(co)], i-e., full support;



3. hu(f) >0, i.e., positive entropy;
4. [ ox Nog dist(z, ¢)|du = 400, i.e., fast recurrence to the singular region;
5. lim,, % log(f™) (x) = 400 for u almost every x, i.e., infinite Lyapunov exponent.

Furthermore, sup{h,(f); pn € M.} =sup{h,(f); u € M(f)} = huop(f).

In Theorem [B]below, we show that when the orbits of singular values have a condition
of slow approximation to the singular region, we obtain that all the ergodic invariant pro-
babilities for the system have slow recurrence the singularity and have finite Lyapunov

exponent.

Theorem B. Let f : [0,1]\ {c} — [0,1] be a non-flat C* expanding Lorenz map with
singular point ¢ € (0,1). If

1 :
lim sup - Z —log|f/(ce) — ¢] < 40 (3)

then there is T > 0 such that me[O 1 |log |z — c|ldu <Y for every u € ML(f). Moreover,
if holds then, every u € ML(f) has slow recurrence to the singularity and has finite

Lyapunov exponent.

In particular, if the singular values f(cy) € B(u), for the SRB measure p, then f
satisfies the condition .

For the case of the quadratic family f,(z) = 1 — az?® on [—1,1], Benedicks and
Carleson in 1985 [BC], proved that there is a set A, C (1,2) of parameters a, having
positive Lebesgue measure, so that for almost all a € A, , f, admits an a.c.i.p. and
which the critical point is typical with respect to this a.c.i.p., i.e., it belongs to the basin
of measure.

In this work we show, that with respect to the C? topology, generically the Lorenz

maps in £ do not have their singular values belonging to the basin of the measure pu.

Theorem C. Generically, the singular values of an expanding Lorenz map do not be-
long to the statistical basin of attraction of its SRB measure. Furthermore, generically,

expanding Lorenz maps do not satisfies the condition (@

Theorem [C] it follows from more precise characterization of recurrence for singular
set in Chapter 2]

We seek to obtain in £ “many” maps for which their singular values satisfy con-
dition of Theorem , and with that purpose we study a two-parameter family of
expanding Lorenz maps F = {f; s}, defined in Section , with a same singular point c,



and (t,s) € I' =[1/2,1] x [1/2,1]. Observing the behaviour of the singular values of the
maps and points of a Cantor set, in the phase space, with an arbitrarily large Hausdorff

dimension, we obtained the following result.

Theorem D. Let {fi s} .s)er be a two-parameter family of expanding Lorenz maps, where
' =[1/2,1] x [1/2,1]. Then there is a cone I" C I', so that for each (t,s) € I on any
smooth curve 1y passing through (t,s) and tangent to the cone, there is a set of points I'g
with positive Hausdorff dimension in the curve 1y, such that, in each point (t;,s;) € Iy
will pass a smooth curve 1;, crossing transversely 1y (see Figure , and containing
a set of points I'; with positive Hausdorff dimension in the curve 1;, such that for each
(t,s) € Iy, there is a constant Cy s > 0 such that the Lyapunov exponent of every ergodic
fi.s invariant probability is bounded by Cy s .

The previous results give many Lorenz maps having no ergodic invariant probability
with infinite Lyapunov exponent. Furthermore, we can guarantee for these maps, the ex-
istence of an unique measure of equilibrium state for Holder potential and this equilibrium
state must be a probability with finite Lyapunov exponent.

In systems with critical or singular points, measures of equilibrium states may not
exist or they may not have finite Lyapunov exponents. Pinheiro e Varandas [PV], con-
sidering the set of all ergodic f-invariant zooming probability with exponential zooming
contraction, £(f), for f non-uniformly expanding map (n.u.e.), show that there exists
at most one f-equilibrium state p € (J, E(f") for a given Holder potential ¢. Mo-
reover, for the set m, the existence of such a measure is guaranteed, according
to Theorem [Bl

For each f € L, due to the existence of the measure a.c.i.p. p mentioned, we know
that f is n.u.e., and by Lemma B2 of [Pi20] each measure with finite Lyapunov exponent
belongs to £(f). Thus, for each f € L that satisfies condition (3|) of Theorem B} we have
that f has one and only one equilibrium states for any given Holder potential ¢ which is
Theorem [Gl

From Theorem [D] and Theorem [, we obtain the following Theorem.

Theorem E. Let {fi }us)er be a two-parameter family of expanding Lorenz maps, I' =
[1/2,1] x [1/2,1]. Then there is a cone I'" C T, so that for each (t,s) € I" on the any
smooth curve 1o passing through (t,s) and tangent to the cone, there is a set of points I'y
with positive Hausdorff dimension in the curve vy, such that, in each point (t;,s;) € Iy
passes a smooth curve 1;, crossing transversely 1y, and containing a set of points I'; with
positive Hausdorff dimension in the curve 1;, such that for each (t,s) € I'; there is one

and only one f; s-equilibrium state for a given Hélder potential ¢ : [0,1] — R.



The text is organized as follows. In Chapter|l| we present some definitions and results
that will be important for the work, especially for the proof of Theorem [C| We show how
nice intervals containing the singularity ¢, can be found for a map f € L, in order to
accumulate in c.

Chapter [2] is dedicated to the proof of Theorem [C] In it we prove, using local per-
turbations at nice intervals, that there are dense subsets Dy and D; of £ such that each
f € Dy is preperiodic and each f € Dj is periodic. From these subsets, we constructed
two residual subsets Ry and R whose intersection will give us the desired residual subset
in the statement of Theorem.

In Chapter [3] the proof of Theorem [B] is made. We use the notion of bound period,
which gives a period of time in which a point when returning to a neighborhood of
the singularity, has its orbit following the orbit of this singular value. An estimate is
obtained for this period of time, according to the depth at which the point returns to
that neighborhood and then we can obtain estimates of the recurrence of the points orbit
using condition (3)).

In Chapter [4] we show Theorem [D] For this, we constructed Cantor sets using an
induced Markov map in hyperbolic time in order to have distortion control and allow us
to calculate the Hausdorff dimension of this set. We have seen that it is possible to obtain
Cantor sets with arbitrarily large dimensions and being close enough to the singular values
of Lorenz maps. Then we define a two-parameter family of expanding Lorenz maps and
analyzing the behaviour of its singular values and the points of Cantor sets invariant for
the dynamics, we show that by making small perturbations in an initial map, we obtain
in the parameter space, sets of points contained in curves and having positive Hausdorff
dimension, so that their singular values for the corresponding maps do not accumulate
in ¢. To obtain an estimate of the Hausdorff dimension in the parameter space we use a
bi-Hélder map that projects the points of the space into the parameter space.

In Chapter [5], the proof of Theorem [E]is made, which it follows from the Theorem
of Pinheiro and Varandas, applied to Theorem [D] And finally in Chapter [6, we will see
the proof of Theorem [A] which guarantees that there are expanding Lorenz maps having
many ergodic measures with infinite Lyapunov exponent whose entropy is positive and

full support.



Chapter 1
Definitions and Preliminary Results

In this chapter we will present some definitions and results that will be important for

all the work, but mainly for Chapter

1.1 Expanding Lorenz Maps

The one-dimensional Lorenz maps are well studied in dynamical systems. In this
work, we focus on expanding Lorenz maps with a single point of discontinuity on a closed
interval, which is a singularity.

Let us begin by explaining what we mean by expanding Lorenz maps.
Definition 1.1.1. (Ezpanding Lorenz maps). We say that a C* map f :[0,1]\ {c} —
[0,1], 0 < ¢ < 1, is a expanding Lorenz map if f(0) =0, f(1) =1, f'(x) > XA > 1,V €

[0, 1]\ {c}.

Furthermore, f'(cy) = lim f'(x) = co. We will denote by L the set of all Expanding

Tr—Cc+
Lorenz maps.

Definition 1.1.2. (non-flat). A C?* expanding Lorenz map f : [0,1]\ {c} — [0,1], is
called non-flat if there exist constants o, 3 € (0,1),dy,d; € [0,1] and C? diffeomorphisms
preserving the orientation ¢y : [0, c] — [0, d(l]/a] and ¢y : [c,1] = [0,dV°] such that

1—d + (¢1($))’8 foE > C.

where f(c_) =dy and f(cy) =1 —d;.

f(2) = {do — (¢o(c —x))* ifx <c,

Example 1.1.3. An example of such a function is describe in the Figure below.

Given n > 1, define f"(c_) = lign f™(z) and f"(cy) = liin f™(z). The singular values

of f are f(c_) and f(cy) and the study of positive orbit of this points, OF (f(c-)) and
10
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Figure 1.1: Expanding Lorenz Maps.

(9;{( f(cy)), plays a fundamental role to describe topological and metric properties of the
dynamics. The pre-orbit of a point z € [0,1] is the set O (x) := U, 5o f"(x). For a
point = € [0,1] \ OF (c), denote the positive orbit of x by OF (x) = {f/(x);j > 0}. And,
if 3¢ > 1 such that f(c_) = ¢ (we can assume that £ is the smallest positive integer with
this property), we define O;(c-) = {f/(c-);1 < j < ¢}, similarly we defined OF (cy).
A branch of f™ is a maximal closed interval I such that f™ is a diffeomorphism in the
interior of I. This means that the points on the edge of I are either 0, or 1 or a point in
the pre-orbit of c.

Sometimes we write fy or f; to specify that we are talking about the left or right
branch of f, respectively. Since the function is not necessarily injective, some points have
more than one pre-image, so we will denote the point images using the inverse branches
by the functions fo, 1, written as f; ' and f; .

1.1.1 Nice Interval

A notion very used in the work is the nice interval that we will see below. In addition,
we will see that they are easy to obtain and in the case of expanding Lorenz maps we can

accumulate in c.

Definition 1.1.4. (Nice Interval). An open interval J = (a,b) containing the singular
point ¢, is called a nice interval of f if (’);{(&]) NJ = 0. We denote by A the set of
points whose future orbit avoids J, i.e., Ay = {x € [0,1]; Of (x) N J = 0}, and P the set
of connected components of [0,1] \ A;. An element of Py is called a gap of A;.

Remark 1.1.5. The usual definition of a nice interval does not require that it contain

the point c, however here we will assume this is always the case.

Definition 1.1.6. (Misiurewicz map) We say that a map f with a singular point ¢ is a

Misiurewicz map if there is a neighborhood V' of ¢ such that O;{ (cx)NV = 0. This means
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that the singular point is not recurrent.

Definition 1.1.7. (Preperiodic and periodic Lorenz maps). We say that a C* Expanding
Lorenz map f :[0,1]\ {¢} — [0,1], is periodic if c1 € Per(f), that is, there exist ji,j—
such that
Pre) =c and fi-(c)=c
And we say that f is preperiodic if c+ ¢ Per(f) and the points f(cy) and f(c_) are

preperiodic, that is, there exist ky,k_,n,,n_ such that:

SRR (fley)) = " (fles))
S (flen)) = (f(en)).

In section [2.1] we prove that there are dense subsets Dy and D; of L such that each
f € Dy is preperiodic and each f € D, is periodic. Note that every preperiodic map is a

Misiurewicz map.

Lemma 1.1.8. (see Lemma 6.1. [BR1]) If f : [0,1] \ {c} — [0,1] is a C* expanding

Lorenz map then ¢ € wy(x) for Lebesque almost every .

Remember that wy(x) is the w—limit set of z, i.e., is the set of accumulation points
of the positive orbit of x.

According to the previous Lemma we have that given any open interval I with
nonempty interior in [0, 1], there is n such that ¢ € f*(I). We will define S(I) as the

smallest positive integer so that happens, that is
S(I):=min{n e N:ce f*(I)}

Lemma 1.1.9. Let J be a nice interval of an C? expanding Lorenz map f : [0,1]\ {c} —
[0,1]. Then

(1) S(I) =min{j > 0; fi(I)NJ # 0}, VI € Py;
(2) 9D} is a diffeomorphism and f5D(I) = J VI € Py;

Proof. Given I = (p,q) € Py let n = min{j > 0; f/(1) N J # 0}. Then by definition of
S(I), n < S(). Asp,q € Ay and f(A;) C Ay we have f"(p), f*(q) ¢ J, moreover as
f(I)nJ # 0 it follows that f™(I) D J 3 ¢, thus n = S(I).

Now we have that, if f*(I) 2 J,3a € dJNf"(I) which implies 3z = (f" |;)"'(a) € I,
and then f7(z) ¢ J,Vj > 0 which is absurd, since z ¢ A;. Therefore f"(I) = J and how
c¢ fi(I) to j < S(I) we have f5U) |; is a diffeomorphism. O
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Lemma 1.1.10. (see Lemma 4.5. [BR2]) If f : [0,1] \ {c} — [0,1] is a C? expanding

Lorenz map then
Of () N (0,¢) #0 # Of (x) N (e, 1), Yz e (0,1)\ 05 (c).

The results Lemma |1.1.10| and Lemma|1.1.13|it follows from [BR2], if we replace the
hypothesis that the map is contracting with that is expanding, but the proofs remain the

same.

1.1.2 First Return maps and construction of nice intervals

Definition 1.1.11. Given an interval J, denote the first return map to J by Fy : J* — J,
i.e., Fi(z) = ffO(x), where J* = {z € J;O0F(f(x)) N J # 0} and R(x) = min{j >
1; fi(z) € J} that is, called the first return time. We will denote by C; be the collection

of connected components of J*.

Definition 1.1.12. (Left and right renormalizations). A Lorenz map f is said to be
renormalizable by the left side with respect to the nice interval J = (a,b), if (a,c) C J*,
i.e., Fj |(aey= f" l(ae) for some n > 1. Analogously, f is said to be renormalizable by
the right side with respect to J = (a,b) , if (¢,b) C J*. Moreover, f is renormalizable if
J* = (a,c) U (e, b) for some interval nice J = (a,b) > c.

The following Lemma [1.1.13| guarantees that if ¢ ¢ 01, for I € C;, the restricted first
return map F; |; is a diffeomorphism of I over J, so the return of this interval provide

full branch.

Lemma 1.1.13. (see Lemma 4.1. and Corollary 4.2. [BR2]) Let f :[0,1]\ {c} — [0,1],
0<c<1, be aC? expanding Lorenz map, J = (a,b) be a nice interval, and Fy: J* — J

the first return map. The following statements are true:

() ((p.q) € Cy and p # c) = Fy((p,q)) = (a, fHeo(q));
(i) ((p.q) € Cy and q # ¢) = Fs((p,q)) = (fMeo (p),b);
(iii) (c & OI,1 € Cy) = Fy(I) = J:
(iv) a € OI(or b € OI), for some I € Cy < a € Per(f)(or b € Per(f)).

As f € L can not be co—renormalizable, since it is expanding (see [HS]), we can
suppose without loss of generality that f is not renormalizable otherwise f is conjugated

to a g that is not renormalizable.
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Lemma 1.1.14. (see Lemma 4.6. [BR2]) If f : [0,1] \ {c} — [0,1] is a C? expanding

Lorenz map then

Per(f)N(0,¢) 3 c € (¢, 1) N Per(f).

Proposition 1.1.15. If f : [0,1] \ {¢} — [0,1] is a C? expanding Lorenz map and
p € Per(f)n[f(cy), f(c-)l, then

O (p) N (0,¢) 3 c€ (c,1)NO; (p).
(i.e., the pre-orbit of p accumulates on both sides of the c.)

Proof. By Lemma we know that O (p) N (0,¢) # 0 # (¢, 1) N O (p). Suppose that

the pre-orbit of p does not accumulate on the left side of the ¢ (the proof for right side is
analogous).

Let (a,b) be the connected component of [0, 1] \w containing c¢. So, 0 < a <
¢ < b < 1 and by the hypothesis we have a < ¢. Let ¢ be the smallest integer bigger
than 0 such that ¢ € f¢((a,c)). Notice that f(a) < a otherwise a < f*(a) < c gives us
0, (p) N (a,c) #0.

If ¢ = b we have ¢ € WO;(@ and fY(b_) = f(c_) > ¢ = b, Figure . Let
po € OF (p)N[b, 11N f*((a, ) and q € (a, ¢) such that f*(¢q) = po. Thus, ¢ € OF (p)N(a,c)
and this contradicts the definition of (a, b).

Figure 1.2: f%((a,b)).

In the case where ¢ # b, as (a,b) is not a renormalization interval, if f‘(a) = a we
have ff(c_) > b and then the result it follows as before, there exists py and there is
q € O7(p) N (a,c). If f'(a) < a there exists po € (f*(a),a) N OF (p) and then there is
q € (a,c) such that f*(¢) = po, thus ¢ € OF (p) C OF (p) and we get a contradiction again.
Therefore O (p) N (0,¢) > ¢. Analogously ¢ € (¢,1) N O (p).

[l
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The Lemma [1.1.14] and Proposition [1.1.15] allow us to construct nice interval of ar-
bitrary sizes using periodic points or periodic pre-orbit points, which will be very useful
for obtaining dense sets Dy and D; in Chapter [2|

Proposition 1.1.16. If f : [0,1] \ {c} — [0,1] is a C? expanding Lorenz map then there

are sequences a,, /¢ and b, \, ¢ such that for each n, J, = (a,,b,) is a nice interval and
Jn D Jpy1 D .. with | J,| — 0.

Proof. Take py,pa € Per(f) and let a; = max{OF (p;) N (0,¢)} and by = min{OF (p;) N
(¢, 1)}. We have that J; = (aq,b1) is a nice interval. Consider F, the first return map
to Ji and Cj, according to definition [1.1.1]] We know from Lemma that ¢ € wy(x)
for Leb almost every x, and how (c,by) ¢ C,, there exists (p,q) € C,, such that p # ¢ or
q # b1

If ¢ # by, we have by Lemma [1.1.13} for n = R |4, f"(¢) = b1 and since n is the
first return time, ¢ does not return to J; therefore, for by = ¢ < by, Jo = (ay,by) is a nice
interval.

If ¢ = by, we have p # ¢ and then f"(p) = ay, and Jy can be obtained for by = p < by.

51 ,’/ 1 H
1 a; c 14 q=b

1

Figure 1.3: Return of interval (p,q) to J;.

Consider now F;,, and using the same reasoning we find ¢ < b3 < by < by, so
that J3 = (ay,b3) is a nice interval. Recursively the result goes on finding b, \, ¢ and,
analogously we get a,, " ¢. By construction, we can conclude that it is possible to get J,
with |J,| — 0 for n — oo.

O

Remark 1.1.17. Note that points a,, and b, of the boundary of J, may belong to the same
orbit. Moreover, by Brandao[BR1], A;, is a Cantor set if and only if O}“(an)ﬂ(’);{(bn) = 0.

Given a nice interval J we will denote by P; and Pj, the connected component of

P; containing the singular values f(c_) and f(cy), respectively, whenever f(ci) ¢ Aj.
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And in the case where J, is a nice interval, we will denote by P*, P, and A, to Pi, P

and Ay, .

Lemma 1.1.18. Let f : [0,1] \ {¢} — [0,1] be a C* expanding Lorenz map such that
c € wy(f(cx)) and f is not periodic, then there is nice interval sequence J; O Jo D ..., so
that for PF D P O ... 3 f(c*) we have Sy < Sy < ... where S; = S(P;).

Proof. Suppose that ¢ € wy(f(c_)), and take a nice interval J; = (a1,b1), the case
f(cy) is analogue. As f(c_) € Py and f is not periodic, f%'(f(c_)) € (aj,c) or
f31(f(c2)) € (c,b1). Consider it to be the first case, and take e; < |e — f51(f(c_))|. By
Proposition , we can find a nice interval Jy = (ag,by) so that Jo C (¢ —€1,b1) C Jy
and f(c_) € P, C P; . By definition of S; and Lemma we have Sy > S;. Further-
more, as f1(f(c_)) ¢ Jo it follows that Sy > S;. Repeating the argument recursively
gives the result.

]

Lemma 1.1.19. Let f : [0,1] \ {¢} — [0,1] be a C* expanding Lorenz map such that
c€wp(flex)). If Jy = (ar,b1) D Jo = (ag, be) are nice intervals with by < by then by < by
and a; < ag then af < a3 where f(ci) € P* = (aF,bF) € P;.

Proof. Let Sy, S, such that f51'(P;) = J; and f*2(P;) = Jo. As J, C Ji, we have
P,y C P; and S; > 5.

Suppose by < by but by, = by. So, by = f52(by) = 5177 (by) = fr(f51(b7)) = f7(by)
for » > 0, but this is absurd, since O}“(bl) NJ; = 0 and by < b;. The other cases follow
similarly.

O
By the previous results Proposition|l.1.16|and Lemma|l.1.19} it follows the statement.

Corollary 1.1.20. If f : [0,1] \ {c} — [0,1] is a C? expanding Lorenz map such that

c € wy(f(cx)), then there is infinite sequence of nice intervals J, O Jy41, so that
diam(P,) := max{diam(P)|P € P,} — 0

when n — 00.



Chapter 2

Proof of Theorem |C

This chapter is devoted to proof of the existence of C? residual subset R C £ which
makes up the proof of Theorem [C] For this we will initially recall some concepts necessary
to understand the result.

Let f: X — X be a measurable function. We say that a measure p is invariant by f
(or f-invariant), if u(f~*(A)) = u(A) for every measurable set A C X. If the measure pu
satisfies pu(X) = 1, we say that p is a probability measure. If ;1 and v are finite measures,
we say that v is absolutely continuous with respect to u, and write v < p, if v(A) =0
whenever p(A) = 0. And are said to be equivalent if both u < v and v < p. An invariant
measure g is said to be ergodic if for every invariant measurable set A, i.e., f71(A) = A,
implies either p(A) =0 or u(X\ A) = 0.

Definition 2.0.1. We define B(u), the basin of p , as the set of those points v € M for
which

n—1
lim %;wﬂ () = / pdp,

for every continuous function ¢ : M — R. This is equivalent to say that

n—1
1 w*
— E Ofi(@) — M @S M — 0. (2.1)
n

=0

We say that x is a u-generic point when occurs. If the B(u) has positive Lebesgue
measure, for p probability measures f-invariant, we say that p is an Sinai- Ruelle- Bowen
(SRB) measures.

By Birkhoft’s ergodic theorem, if p is an ergodic probability measure then B(u) has
full ¢+ measure. Moreover, if p is absolutely continuous with respect to the Lebesgue
measure m, then the basin of x4 has positive Lebesgue measure and therefore p is an SRB

measure.

17
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Recall that the variation var ¢ of a function ¢ : [0,1] — R is defined by

var ¢ = sup Z lo(zi-1) — ()]

i=1
where the supremum is taken over all finite partitions 0 = zg <21 < --- <2, =1, n > 1,
of [0, 1], and says that ¢ has bounded variation if var ¢ < oo.

We know that piecewise expanding Lorenz map f is topologically transitive, which im-
plies that the closure of the maximal invariant set by f is the whole interval [f(c.), f(c_)].
In addition, l, is BV, which according to Viana [Vi97] guarantees the existence of an

SRB invariant measure.

Proposition 2.0.2. ([Vi97] Cor.3.4 and 3.5) The expanding Lorenz map f admits a
unique invariant probability p which is absolutely continuous with respect to Lebesgque

measure m, it is ergodic and then a SRB measure for the map. Moreover, du/dm is a
BV function.

So dp/dm is bounded, and it follows from Ledrappier-Young formula that the Lya-
punov exponent is finite (see Definition for p almost every .

However, although for every expanding Lorenz map Lebesgue almost every point
belongs to the basin of this measure p given by the Proposition [2.0.2] we show here that

this does not happen residually for the singular values of these maps.

Definition 2.0.3. A subset R of a topological space X is residual, if it contains an
enumerable intersection of open and dense subsets. We say that a property P is generic in
an open set U of X, if there is a residual subset R of U such that every f € R satisfies
property P.

Remark 2.0.4. An enumerable intersection of residual subsets is a residual set.

For this purpose we will consider the metric induced by the norm C2, i.e., given

f,ge L

dUﬂ)ZHf—9M==Eﬁﬁ{fﬁ@ﬂ—g@Nﬁf@)—d@NJf%ﬂ—g%@H~

The following propositions [2.0.5 and [2.0.6) play a key role for the proof of Theorem [C]

Proposition 2.0.5. There exists a C? residual subset Ry of L such that for each f € Ry
we have
1 < :
. j B
hq{ggfn lelog\f (cx) — | < +o0.
j:
Proposition 2.0.6. There exists a C* residual subset Ry of L such that for each f € Ry

we have

1 & .
lim sup — log|f7(cy) — c|| = +o0.
msup 23 low () =

The proofs of Proposition [2.0.5( and Proposition [2.0.6| are given in the next section.
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2.1 Construction of residual sets Ry e R,

In the Lemma and in the Lemma below, we will make small local pertur-
bations in the maps in order to make them a preperiodic map or a periodic map.

Our goal is to perturb the map so that the singular values that are in gaps, of a nice
interval, are pushed to the points of the boundary of the gaps, in the first case. And, in

the second case, are pushed to pre-orbit points of the singular point.
For this, we will use the function ¢ defined in Remark below.

Remark 2.1.1. Let v : R — R, be a C*™ map defined by v(x) = ez(zl+1>, for =1 <z <0,
and v(x) = 0, for the other values (Figure [2.1]).

(x)

_/\_

-1 0

Figure 2.1: Map v(z).

Now let h : R — R, be the C*™° map given by,

_ Jiv(s)ds  [7 u(s)ds
M) = I v(s)ds fflv(s)ds.

1
h (.\/

1
-1

o-

Figure 2.2: Map h(z).

Finally, we define p : R — R, be the C* map by (Figure

o(x) = h(—|x — 0.5] + 0.5).
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Figure 2.3: Bump Function ¢(z).

2.1.1 Construction of set R,

Lemma 2.1.2. (Density of Misiurewicz maps) There exists a dense subset Dy of L such

that each f € Dy is a preperiodic map.

Proof. Fix f € L, and suppose f is not Misiurewicz map, otherwise is finished. So, given
any nice interval J we have the singular values f(c_) and f(cy) belong to connected
component P; and P; of P;, respectively.

Let J; = (a,b) be a nice interval, which we can consider with the boundary points
belonging to the orbit or pre-orbit of the periodic points of f. We will make a small
perturbation of f in (a,c) pushing f(c_) to the right boundary of a gap which f(c_)
belongs to, making it pre-periodic. For this we will use the function of Remark 2.1.1]

Fix e > 0 and let M := max,e—19{|¢' ()|, |¢"(z)|} and vy := min{e, e8(c—a)?/10M }.
According to Proposition[I.1.16|and Lemma[l.1.19] we can find by € (c, b) with J5 = (a, b)
nice interval, such that § := |b; — f(c_)| < 7. We will define the perturbation of f

(Figure

; folz) +ps(x) itz <c
fz) = .
fi(z) if x> c.
Where
0 if v < a,
@5($):5<p< (a:;(z):ta()c—a)>: ye (0,0) fa<z<c—|c—al/10
) ifc—|c—al/10 <z <ec.

Note that f and f are equal outside the interval (a,c) and f(c_) = f(c_) 4 ¢s(c) =
f(c=) + 9 = by, therefore ¢ ¢ wf(f(c,)). In addition, d(f, f) < e. Indeed,

/()
/()

—J@) = lps) <o <y<e
— @) = |eha)l = 6\¢'<y<x>>19(£ 3 < VM—9<£ @~

(@) = f'(@)] = |¢g<x>|=5lw”<y<x>>'( & ) N
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b
c-(c-a)/10 o f(c

Figure 2.4: Nice Interval and pre image containing f(c_) and f perturbation of f.

Now we make the same procedure for f(c, ), setting the interval (c, by), getting as € (a, )
with J3 = (ag, be) nice interval, and the perturbation at branch f; pushing f(cy) to the
left boundary of a gap which f(c;) belongs to.

O

Corollary 2.1.3. For any f € Dy, there are My > 0 and ny > 1 such that

1 < :
EZ|log|fJ(ci) —c|| < My,Vn > ny.

j=1
Consequently,
1< :
li — 1 J —cl| <M
msup 3 og (c2) =] < M,

Moreover, Dy > f — My is a continuous map.

Proof. Let f € Dy, then there exists k; > 1 so that f/(c_) € Of(p;) and f/(cy) €
Of (p}) for all j > ky, for some p;,pf € Per(f). Take o = dist(Oj (pf),c) > 0 and
My = 2|log | > 0. So, for n > ky,

n kp—1 n
D log|fi(es) —cll = D [log|fi(ce) —cll + Y log|f(cs) —cll
j=1 j=1 J=ky

kp—1

A

> log|f(es) = el + (n — ks + 1)|logal

j=1
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then choosing ns the smallest integer bigger than k¢ such that

kp—1

1 .
— ) |log|f(ct) —cl| < |logal,
ny 1

the result follows.

Proof of Proposition [2.0.5

Proof. For fo € Dy let My, and ny, satisfying the Corollary By continuity of the
hyperbolic periodic point p}z there is an open set V = Vy, C L so that we can assume

without loss of generality, that for all f € ¥V N Dy we have

1 — ,
li — | J — |l <
imsup 3 [log |f(cx) —cl| <

j=1
where v does not depend on f only of V. We will construct a residual subset in V with
the required property and so follows the result.

Fix 0 < 6 < 1 and for each f € VN Dy and n € N we defined the open sets A, (f)

to be the set of maps g € V so that, there is my(n) € N with n{ ] < 107 and
mf n
|fi(ce) — ¢ (ce)| <O|fi(ce) —c|foralll <j< mys(n). So, for g € A, (f)
|fex) —cl < | (es) =g (ee)l + 197 (cx) — o] =
(1=0)]f(cx) —c| < |g’(ex) =],
for all 1 < j < mg¢(n), and then for each ny < k < my(n),
k k
D lloglgi(cs) — | < Klog(1—8)""+ > [log|f/(cx) — ]
=1 =1
< klog(1—08)"' 4 kv,
therefore
lzk:lloglgj(c )—cl| < log(1—6)"4~y=T (2.2)
2 + . .

j=1
Take V,, = Use(pyrv)An(f) the open and dense subsets of V. Therefore Ry, = MyenV, is
a residual subset of V = V;, and for each g € Ry, we have

n

1 .
minf — j _
hggg)lf - Z |log|g’(cx) — || < T (2.3)

=1

The set Ry = Ug,ep, Ry, is a Baire generic subset and satisfies the Proposition. ]
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Note that the estimate in cannot be guaranteed for lim sup, since as the neigh-
borhoods of f depend on ny, they may not be the same for any f in Dj.

For example, if g € Ry, and for ny > ny, g € A, (f) and g € A,,(f) with f # f,
can happen from my(n;) < ny, so, (2.2) is satisfied for ny < k < mg(ni) and ny < k <

mf(nQ), however we cannot guarantee the same for my(n;,) < k < ny.

2.1.2 Construction of set Ry

Lemma 2.1.4. (Density of periodic maps) There exists a dense subset Dy of L such that
each f € Dy is a periodic map.

Proof. Let f € L. If fi(c_) = cand f*(c;) = c for some j,k > 1 , we have nothing to do.

Suppose that f7(c_) # ¢, Vj > 1. We can have two situations: either ¢ € ws(f(c_))
or f(c_) € A for some nice interval J.

In the case ¢ € wy(f(c_)), given € > 0 arbitrary, we know by Lemma that we
can take a nice interval J = (a, b) of arbitrarily small size to have 1/A\5(s) < ¢ and with
f(c_) < g, where q is the point of P; such that f5®s)(q) = ¢ (case f(c_) > g, just fix
b and take a, " ¢ according to the Proposition [1.1.16|, which will cause ¢ to be pushed
up to reach f(c_) or transcend that point). We perturb the map f in the interval (a, c),
pushing f(c_) to the point g, so that for the obtained map g, we have g(c_) = ¢ and then
gSP7

(a,c) and S(P;) is the first instant that the point ¢ enters J by the map f.

)(g(c2)) = ¢°Fi)(q) = f5Ps)(q) = ¢, since f and g coincide outside the interval

Now, considering the situation f(c_) € A; for some nice interval J. As ¢ € wy(z)
for Leb-almost every x € [0,1] we have to given e¢ > 0 arbitrary, there exists ¢ €
(f(co), f(co)+e) so that f*(q) = ¢ for some n > 1 and then proceed as before. Note that
this same reasoning could also be used in the previous case.

For the case where f*(c;) # ¢, Vk, we proceed with the same reasoning perturb the
map f in the interval (c,b).

O

Proof of the Proposition [2.0.6]

Proof. According to the previous lemma for each f € D;, there are E}E such that fgf (cx) =

c. Take 0y = max{ﬁ}“,f;} and my(n) = max{ls, n}, set
Bo(f) ={g e L;lg(ce) — fl(ex)] <™ forall 1 <j<mg(n)}
so, if g € B,,(f) we obtain

7 (cx) — | < g’ (cx) = Fee)| + [ (cx) — ]
< e 4| f(es) — ¢ forall 1<j<my(n).
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Thus
llog |g?(cs) — || > |log(e ™ + | f7(cs) — )|

for all 1<j <my(n), and

my(n)

mg(n)
> floglgi(cs) —cll > D [log(e™™ + | (cx) — cl)]
j=1 j=1

— Z |log(e*"2€f + | f(cx) = c])| +

1<j<my(n)
i#kty

> Jlog(e )] = nly,

mf(")] log(e™")

+
gf

consequently
LS gl el > Lt > n
my(n) 2 y(n)

As B,(f) is an open neighborhood of f € Dy, U,, = Usep, B,(f) is an open and dense
subset of £. Therefore Ry = Nyenld, is a residual subset of £ and for each g € Ry we

have

1 & .
I =3 [log lg?(ex) — | = +ov.
im sup n 2 |log |¢” (cx) — c|| = +o0

n—oo

]

Proof of Theorem [C| The proof of Theorem [C] follows from the intersection of the
residuals Ry and Ry constructed in the Propositions and [2.0.6]



Chapter 3

Proof of Theorem B

We will now work to obtain the proof of Theorem [B] For this we need the following
definitions.

Recall f is a C? local diffeomorphism in which for our main result we only need to
consider f’ > 0. Without loss of generality we will assume ¢ = 0, and f : [-1,1] \ {0} —
[—1, 1], which will facilitate the computations, and then it would be enough to make a

change of coordinates.

Definition 3.0.1. ( finite Lyapunov exponent) We say that a measure pu f-invariant

ergodic probability has finite Lyapunov exponent if

3 1 n\/
Jim -~ log |(f*)(2)] # %0 (3.1)
for u almost every x.

Definition 3.0.2. (Slow recurrence) A set A C [—1,1] satisfies the slow recurrence con-
dition to ¢ if for each € > 0 there is a 0 > 0 such that

n—1

lim sup 1 Z —log dists(f7(z),c) < e (3.2)

n
n—00 =0

for every x € A, where dists(x, c) denotes the §-truncated distance from x to ¢ defined as

dist(x,c) if dist(z,c) <46
1 if otherwise.

dists(z,c) = {

An ergodic f-invariant probability u satisfies slow recurrent condition if there is a set A

satisfying (3.2) such that u(A) = 1.

The fact that f is non-flat Lorenz map gives us, by Definition and Remark
below, that there are C' diffeomorphisms ¢g : [—1,0] — [f'(=1),do] and ¢ : [0,1] —

[dy, f/(1)] such that
25
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) — wo(x)/|z|* fx <0
H {%(x)/kv!‘“ if 2 >0

where ag, oy € (0,1) and dy = limg4o f/'(2)|2]*, dy = lim, o f/(x)]x]|*.

Remark 3.0.3. As seen in Chapter[d], f(z) = f(0_) — (¢o(—2))* if & < 0, with a € [0, 1]
and ¢y being a C? diffeomorphism. Then

[Go(=2)| _ 1 [ (=2)ll2[*\ _ @olx)
“Too(—2)[- “_|x|1‘a( |o(=)[' = )_ [0

where oy = 1 — a and @y is Ct diffeomorphism. For x > 0 it follows the same way.

()] =

J

Thus, from (3.3) we can take a > 1 and 0 < o < § < 1 so that
1
Laje < f/(2) < alal (3.4)
a

As f' > 0, we have inf ¢p; > 0,7 =0,1. So, log |¢;| is Lipschitz. Let C' > 0 be so that

| log |s|(z) — log |wil(y)| < Clo —y|, Vi,

and so

|901(x)| €C|zfy|
i) = (3:5)

Remark 3.0.4. For allz € R\ {0},y € R and r > 0, we have
e () )

T T
< <e|y\z\m‘>r — erly—al/lzl (3.6)

T

‘ Y
T

- ’——1+1

Remark 3.0.5. If xy > 0 then

1 3 1
—<M<—:>—<—. (3.7)
2 el 20yl e

From (3.5)), (3.6, (3.7) we obtain a certain control of the derivatives of f in each
branch of its domain. For this, consider a = oy, ¢ = ¢; e d = d; for each case when x < 0
or z > 0. Thus, f'(x) = ¢(z)/|z|* and ¢(0) =d > 0.

Lemma 3.0. 6 There is v > 0 such that for every n > 1 and every x,y so that |f’(x) —
fi(y)| < ‘fj U and fi(z)fi(y) > 0 for every 0 < j < n, we have

YW sy s
[y =€ e (3.8)
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Proof. Let x,y € [-1,1] \ {0} such that zy > 0 and |z — y| < @.Then

SO _ @l =l oy | 2]
1f'@)] e(@)] |yl y
S ec|y;1‘ E @
|z|<1 )

ly—z| lz—y|
< VTR X

Cly z| o, 12—yl

< [z e [z]

(C42a) l2=vl

Thus, taking v = C + 2max{ag, a1}, for every z,y € [—1,1] such that zy > 0 and
v —y| < 2, we get

! |z—y]
/()]
Consequently, using (3.9), for every n > 1 and every z,y such that |f7(z) — f7(y)| <
W(I and f7(z)f7(y) > 0 for every 0 < j < n, we have

n n—1 —
LTI 7 o _ o s,
") (x

j=0 7=0

]

Now for a point p # 0 we will define what we will call the bound period of the orbit
of p with the orbit of ¢ = 0.

Definition 3.0.7. Fiz 0 < ¢ < % and for any p # 0, we will call §-bound period (or

simply bound period) of p with O the number
m(p) = —1+min{j > 0; |7 (p) — f/(0,)] > 8| f7(0,)|},

where
0_ if p<O
Op = )
0. if p>0.

This means that for every 1 < j < m(p), we have, either f/(p) and f7(0,) < 0 or

F/(p) and f1(0,) > 0, i.e.,

1 (p) — £7(0,)| o
Py <0 ad Fef0) >0
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Consequently,

/() = f1(0p)] _ ¢ :
. < 0j for every 1 < j < m(p),
2R ®)
and then of for x = f(0,) and y = f(p) we have
YU i s

[(F7) (F(0p))]

for every 1 < j < m(p).

< e (3.10)

Also, as fm@*FL o if p > 0 or fm®+1 | o if p < 0 is diffeomorphism, for every
ye{tp+ (1 —-1)(0,):t €[0,1]} and 1 < j < m(p) we have

Y (F)l < e (F7) (£(0,))]. (3.11)
Lemma 3.0.8. If there is M > 0 such that

1 ¢ :
M—83P52!10g|f’(01)\\ (3.12)
]:
then for each n, we have:
H |f7(01)] > e ™™ in particular | f7(0L)] > e ™™ 1<j<n

(i9) 1(F")/(F(02))] < e where b:=Tloga + BM

and
() (f(0L)] <€, 1<j<n.

Proof. In fact, as M = sup,, + >y [log | f7(04)|], we have for each n,

1< :
M = 52“0@1”(%)\\
7=1
1 L
Moz —Clog[T1F 0.

= [P0z e
j=1

and as, |f7(0+)] < 1 for all j, in particular we obtain, |f7(0+)] > e™" 1 < j < n
establishing the item (z). Thus, using the condition ({3.4)) of f non-flat,

() (FO))] = H (f7(04) !<Ha|fj 04)|”

< a H|f3 (0L)]77 < amefMn
(%)
7=1

— ebn
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where b = loga + BM. So, we also have |(f7) (f(0+))] <e*, 1< j<n. ]

The next result provides us with a relation between the depth at which a point is and
the bound period in which its orbit is linked to the singular orbit. Intuitively, it means
that when a point is close to the singularity, we have an estimate for the bound period
with the orbit of the singular point. Thus, supposing that there is M > 0 so that

is true, we have the following consequences.

Corollary 3.0.9. Let 0 < A < 51;2’6
n > 1, then m(p) > n.

B < Ae B with

Proof. Initially, note that

P

F(p) = SO = | | f()de| < Oj|f’(m)|dx§a /Oprm\ﬁdxzﬁ\pvﬁ

and by the mean value theorem and the definition of m(p)

11 (p) = F1 O = 1) W (p) = FO)], y € (f(0), £(p))

for each 1 < j < m(p) + 1.
Then, it follows from (3.11]) that

1 (p) = F(0,)] < €U 1)I_I\f p)| Lf(p) = f(0)]
< U7 1)Hlf =3P ’
< evé(jfl)H‘f/(fi(Op»’ 1fﬁA€Bn
< ePUn 1>H|f |—e o

for every j < m(p) + 1.
Suppose that m(p) < n. Thus, using item (ii) of the Lemma we have

d d
1Fm®) (p) — fmP)(0,)] < 56wé(m(p))(;Bnebn < ae(v&Ber)n. (3.13)

As [F'W)I/IF'(f™®(0,))] < € for each y € {tf™W)(p) + (1 — ) f"P(0,);t € [0, 1]},
by we obtain that
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m m m(p) m
[0 (p) — [P (0,)] _ /f ()] | L ®(0,))]
| fr®F1(0,)] gy [P0 7| [fmP+(0,)]
m m £ (/" #)(0,))]
< | fm P (p) — f w@pﬂm
< 6765 (y6—B+b) a|fm (P)|_ﬂ
B13) a | fm®)I+L(0,)]
< 66756(7673+b)n65Mn€Mn
Lemma_i)
< 56(2'y§+b+2M—B)n < 4.
But this contradicts the definition of m(p). Therefore m(p) > n. ]

Corollary 3.0.10. Ifn > 1 is such that Ae B+D < |p|1=8 < Ae=B" then

m(p)
> Nog|f(p)l| < T'm(p) (3.14)
=0
where
I'= ’iofjgy +21?5 + log (1—i5) + M.
Proof. As

@) > 1F0p)] = 1 (p) = F(0p)] > (1= 8)[f7(0,)], Y1 < j < mip),

it follows that

og 10| < 1og (125 ) + gl /@Il Y1 <G <) (319

(A —B(u+1))1/(1’m (Ae_gn)”(l'ﬂ)
e

1
v L \r= (i B)lf(l—m

Figure 3.1: Neighborhood V. of 0.

We know from the previous Corollary that m(p) > n. Now from Ae B+ < |p|'=F

we have
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—logA B(n+1)

+ > |—log|p
T | > s
|logA|  B(n+1)

+ > |log|p||. (3.16
i-5 " =7 |log [pl].  (3.16)
As a consequence of (3.15)) and (3.16) it follows that

m(p)

> llog| ()l < [loglpll+ ) [log [ (p)]]
=0 =1

logA+ (—=B)(n+1) < (1—p)log|p|

m(p)
1 .
< Juoglpll+ 3 [1og (125 ) + og 0,
j=1

logA] | B(n+1) ) i
< o se e (G )Z“‘)g'f

| log A B 1
613 (1_5)+(”+1)m+ ()10g(1_5)+Mm(p)
| log A B 1
= (1-— ﬂ)+2 (p)<1_6)+m(p)10g(1—_5>+Mm(p)
|log A| B 1
) [(1—@+2(1—ﬁ)+log(1—6)+M1m(m'

Therefore,

Z!log\f] )| < Tm(p).
O

The goal here is to obtain a control for the recurrence of points to the singularity.
Note that by this last Corollary, whenever a point is in the neighborhood of the singularity
¢ = 0 we obtain a control to its orbit until a certain time, the bound period. And so, we
are going to take a V, neighborhood of 0 for that purpose, as in the Fig 3.1}

Proof of Theorem [Bl

Remember that we are considering ¢ = 0.

Suppose that limsup,, = 37 | —log|f7(0+)| < +oo then it means that there is M > 0
so that happens, that is,

1 & .
M:sgpg El |log | f7(04)]|
j:

and then the results Lemma [3.0.8] Corollary and Corollary can be used.

Let 7 = (Ae®)™% and U = {z € [~1,1]\ O7(0);0 € wy(z)} and let R : U —
{0,1,2,---} be the map that gives the first entry time to V, = [—r,r], i.e., R(z) =
min{0 < j; [/ (z)[ < r}.
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r £ +r
A
/N
d _L,, ) : rj
I ———
'go l/'
£ ’

Figure 3.2: First entry of p in neighborhood V;..

Given a point p € U, let £y = 0, 79 = R(f%(p)) and ng = m(f+(p)).
Note that even before the entry time in V., we have the following estimate for the

orbit of the point p

ro—1

1
Zuog\ﬂ ) < rolog -

and for py = fr(p) = fo+(p) we know from (B.14)), that until the bound period ng we

have

ro+mno
leogw po)ll = [og|f(p)ll < Tno.
Jj=ro
Then
lo+ro+no ' ro—1 ' Lo+ro+mno '
> loglAll = D> loglAwI+ D [log|f(p)ll
j=0 j=0 J=ro
< rolog(1/r) + I'ng
S (g() —+ To + no) (log(l/r) + F)

(¢1) (log(1/r)+T).

Inductively, let £;,1 = £; +r; +nj, rjp1 = R(f%+1(p)) and njy; = m(f4+117+1(p)).

Besides that, we have
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Oy, kE Ljt1—1
Y logl @)l = Y > loglf ()l
§=0 J=0 i=t;
S (Z log |F (£ () + 3| log\fi(f“’"j(p)ll)
; :]_ 1 =
< > ( log(1/7) +nj1“>
]:0 1=0
= (rjlog(1/r) 4+ n;l')
7=0
< (lp+1)(log(1l/r)+T).
Therefore,
lim inf — Z |log | f7(p)|| <log(1/r)+T =T, (3.17)

for every p € [—1,1] \ O;(0) ( It is clear that the equation (3.17) also applies to points p
such that 0 ¢ ws(p)). Thus, by ergodic theorem of Birkhoff, for every ergodic f-invariant
probability u, we have

/ | log |z||dp < Y. (3.18)
z€[—1,1]

This means that the logarithm of the distance to the singular point ¢ = 0 is u

integrable. Consequently,

/logdlst —n(z, c)d,u(S h /[1 . }log|x|d,u—>0
TUNC Jix;log dist(z,0)<—n

when n — oo. And so, by Birkhoff, ;1 satisfies the condition of slow recurrence.
Now, as f is non-flat, i.e., 1|z|~* < f/(z) < a|z|™?, we get

1
log (5> + a|log |z|| <log f'(x) <loga + f§]log|z|| (3.19)

and then for every p € M(f), we have

1
og (L) +a [ oglelidns [ g rau<iogass [ Jloglalan
a ze[—1,1] ze[—1,1] z€[-1,1]
Using (3.18)), it follows
0< /logf'du <loga+ BY.

Therefore, again by Birkhoff’s theorem, for every ergodic f-invariant probability pu,

we obtain
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lim ~ log |(f")'(x)| = / log f'dji # oo,

n—oo M,
that is, p has finite Lyapunov exponent.

Here we obtain a kind of converse of Theorem B.

Theorem 1. Let f be a C? expanding Lorenz map and p the SRB measure. If the singular
values f(0+) € B(u), then f satisfies the condition (3.

Proof. In fact, as u < m, it follows from the Ledrappier-Young entropy formula and the
variational principle (see Theorem

/logf'd,u = h,(f) < hiop(f) < 00.

And as f is non-flat, we have by inequality (3.19) that fxe[_l 1 |log |z||du < oo.
So, if f(0+) € B(n) we have

n—1

1 ;

hm;E |10g!fj(f(0i))||=/[ ]Iloglfvlldu<oo
§=0 ze[—1,1

and therefore f satisfies the condition ((3)). O]



Chapter 4

Proof of Theorem D

In this chapter we will prove Theorem [D] To do this, we will start presenting some
concepts that will be important to achieve our goal. The intention is construct a Cantor
set, dynamically defined, using an Induced Markov map in hyperbolic times, which are
also zooming times. This will allow us to have a distortion control that will be fundamental
to calculate the Hausdorff dimension of this set.

Let M be a compact Riemannian manifold of dimension d > 1 and f: M — M a
map defined on M. We say that f is a non-flat map if it is a local C''* diffeomorphism
in the whole manifold except in a non-degenerate critical/singular set C C M. Which
means that there are constants 5 > 0 and B > 1 such that the following two conditions
hold.

(C.1) %dist(a:,C)/B < % < Bdist(x,C)7? for all v € T, M.
For every z,y € M \ C with dist(z,y) < dist(z,C)/2 we have

(C2) [log [|Df ()| = log | Df (y) M| < m dist(z, y).

The condition (C.1) says that f behaves like a power of the distance to C and the
condition (C.2) that log || D~ is locally Lipschitz at points x € M \ C, with Lipschitz
constant depending on dist(x,C).

In general C is a set of points where the derivative fails to be invertible or simply
does not exist. In the case we are working on is the singularity ¢, and for dim(M) = 1
the definition non-flatness seen in Chapter (1] also satisfies the definition given above, as

we saw in Chapter [3]

35
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4.1 Markov Map and Nested set

Definition 4.1.1. We say that a point x € M has positive Lyapunov exponent if

1
limsupglogHDf”(a:)vH >0 (4.1)

n—oo

and say that p has all of its positive Lyapunov exponents if holds for pu-almost every
point x € M.

Definition 4.1.2. A positively invariant set H C M, i.e., f(H) C H, is called \- ex-
panding, A > 0 if
n—1
. 1 ; 1y
hmsupﬁzlogll(l?f(f @)~ > A (4.2)
i=0

n—o0

for every x € H, and H satisfies the slow approximation condition, i.e., for each € > 0

there is a 6 > 0 such that

n—1

1 )
lim sup — Z —log dists(f?(z),C) <€ (4.3)
n—oo N =0

for every x € H where dists(x,C) denotes the §-truncated distance from x to C defined as

dist(z,C) if dist(z,C) <9

1 if otherwise.

dists(z,C) = {

Remark 4.1.3. Notice that in the one-dimensional case the condition 1S equivalent
to the Lyapunov exponent of f on x to be bigger than X\ and it is clear that for the

expanding Lorenz maps all points have positive Lyapunov exponent. Condition 15 a
generalization of the concept in Definition [3.0.3.

The measure p given by the Proposition [2.0.2] is absolutely continuous with respect
to Lebesgue. Moreover, p has finite Lyapunov exponent, according to Definition |3.0.1|

Then, we have the following result that can be found in Pinheiro [Pi20].

Lemma 4.1.4. ([Pi20] Lemma B.2) Let M be a Riemannian manifold and f : M — M a
C non-flat map with singular set C C M. If ju is a f-invariant ergodic probability with
all of its Lyapunov exponents finite, then x — logdist(z,C) and x +— log ||(Df(z))~|| are

p-integrable. In particular, p satisfies the slow approrimation condition.

According to Remark and Lemma above we have then that u satisfies conditions
[ .2) and ([4.3]) of the Definition [1.1.2] So, Lebesgue almost every point in [0, 1] has non-

uniform expansion and slow recurrence.
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4.1.1 Hyperbolic Times

Now we will see the idea of hyperbolic times that was introduced by Alves et al.[ABV],
and that play a fundamental role in the study of the statistical properties of many classes
of dynamical systems. Hyperbolic times for a point are iterations at which the backward
contraction holds, implying uniformly bounded distortion on some small neighborhood of
that point which will be very useful for us to calculate the Hausdorff dimension of a given
set in Section 4.2

The definitions and results presented here can be found in Pinheiro [Pill], Alves [A]
and Alves et al. [ABV], we will seek to state them succinctly just so that there is an
understanding of the tools used.

Let B > 1 and f > 0 as in the definition of non-flat. Let us fix 0 < b =

1 1

3 min{l,1/5} < 5 min{1,1/5}.

Definition 4.1.5. Given 0 < 0 < 1 and € > 0, we say that n is a (o, €)-hyperbolic time
for a point x € M if for all1 <k <mn,

1:[ IDf(f(z))7 < o and dist(f"*(z),C) > o (4.4)

j=n—k

We denote the set of points of M such that n € N is a (o, €)-hyperbolic time by
H, (o€, f).

As we have seen that Lebesgue almost all points satisfy the Definition of a
expanding set, we have by the proposition below that Lebesgue almost all points in [0, 1]
has infinitely many moments with positive frequency of hyperbolic times. In particular,

they have infinitely many hyperbolic times.

Proposition 4.1.6. ([Al]] Proposition 2.12) If f : M — M is non-uniformly expanding
on H C M, given A\ > 0 there exist § > 0 and ¢y > 0 such that, for every x € H and
e € (0, €],

#{1 <j<myx e Hjoef)} >0n,

whenever + S og || DF(fi(x) 7" > A and 1 S —logdist (f/(x),C) < &, where
o=e M

In addition, one of the main characteristics of hyperbolic times, is that they are also
zooming times, definition given by Pinheiro (see [Pill]), which in general terms gives a

geometric property for hyperbolic times. As can be seen in the proposition below.

Proposition 4.1.7. ( [4] Proposition 2.3) Given 0 < o <1 and € > 0 there exists 6 > 0
such that if n is a (o, €)-hyperbolic time for x, then there exists a neighborhood V, () of
x such that:
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(1) f™ maps V,(z) diffeomorphically onto the ball Bs(f™(z));

(2) dist(f*(p), [ (q)) < o2 dist(f"(p), f"(q)) for all 1 < j < n and p,q € Va(x).

The sets V,,(x) are called hyperbolic pre-balls and their images f™(V,,(x)) = Bs(f"(z)),
hyperbolic balls.

As stated above, our main objective of using hyperbolic times is to obtain distortion
control. And as a consequence of the previous proposition we have uniformly bounded

distortion on hyperbolic pre-balls, given by the next result.

Proposition 4.1.8. (Bounded Distortion) There exists Cy > 0 such that for every hy-
perbolic pre-ball V,, and every p,q € V,,
d t n\/
g 14610
| det(f")"(q)]
Corollary 4.1.9. There exists C; > 0 such that for every hyperbolic pre-ball V,, and every
p,qg € Va

S C() diSt(fn(p)7 fn(Q))

IA

L ol
q

Cy = Jdet(f")(q)

The Bounded Distortion will be important, to ensure in Section [4.2that the Hausdorff
measure of a given set is greater than 0.

The following Lemma gives us that the concatenation of hyperbolic times will still

be a hyperbolic time, which happens as a straightforward consequence of the definition.

Lemma 4.1.10. The Hyperbolic times have the following property.
]fp € Hj(a7€7 f) and f]<p) S HZ(O', €, f) then JURS Hj.H(O',E,f).

Notation 4.1.11. For each x € H denote by h(x) = {f™(z),z € H,(0o,¢, f)} the set of all
hyperbolic images of x and by h = (h(x))zen the collection of hyperbolic images. Denote
by Ex = (Exn)n the collection of all (o,0)-hyperbolic pre-balls, where Eyp = {V,(x);x €
H,(o,€, f)} is the collection of all (o,d)- hyperbolic pre-balls of order n.

Remark 4.1.12. Thus, if pu is the unique a.c.i.p. for the Lorenz map f, which is ergodic,
Pinheiro (see Lemma 3.9 and Theorem 2 in [Pill]) ensures the existence of a fat attractor
A (i.e., u(A) > 0) such that we(x) = A for p-a.e.p. x € M =[0,1], a compact set A, C A
such that wyp(x) = Ay, for p-a.e.p. x € M, called hyperbolic ergodic attractor, and a
compact set Ay C Ap such that wy pp(x) = Ay for p-a.e.p. x € M, called statistical
hyperbolic ergodic attractor.

Here, the set wyp(x) is the set of accumulation points of h(x), that is, the set of
points p € M such that there is a sequence n; — +o0o satisfying h(z) > f*(z) — p. And
wy rn(2) is the set of h-frequently visited points of x orbit, as the set of points p € M
such that limsup 2 #{1 < j < n; f/(x) € h(z) NV} > 0 for every neighborhood V of p.
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This deep knowledge about the measure, and these attractors will be useful to guar-

antee the construction of the Markov partition in a nested set.

Remark 4.1.13. By Lemma we have that the collection of all (o,0)-hyperbolic
pre-balls, &y = (Eyn)n, 1S a dynamzcally closed family of reqular pre-images, i.e., if
fUE) €& ,VE €&, andV 0 <1 <n.

4.1.2 Nested set and Induced Markov map

The &, family mentioned at Remark will be used to obtain the Markov parti-
tion on a nested set, as we will see later. The idea of nested sets introduced by Pinheiro
n [Pill], generalizes the concept of nice interval introduced by Martens in [Mar], and
that we saw in Chapter [I}

We have that two sets [; and Iy are linked if I \ I5, I\ I} and I N I are not empty

sets.

Definition 4.1.14. (E-nested set). Let £ = (£,) be a dynamically closed family of reqular
pre-images. A set'V is called E-nested if it is open and it is not linked with any E-pre-
image of itself.

The fundamental property of a nested set is that any £-pre-images I; and I, of it are
not linked (see [Pil1]).

Pinheiro shows that nested sets are abundant in the presence of some expansion,
see Corollary 2.9 and Lemma 5.12 in [Pill]. For this, let A be given by the Proposi-
tion and let § be given by the Proposition [4.1.7 for some 0 < r < §/4 we have that
a(r) = €75 is a zooming contraction (according to definition in the Section ??) and

> ns1 (1) < 4. And so, the existence of a nested ball I is ensured by Lemma 5.12 in

[PiL1). }

Definition 4.1.15. (Induced Markov partition) Let f : U — U a mensurable map defined
on a Borel set U C M. A countable collection P = {Py, Py, ...} of Borel subsets of U is

called a induced Markov partition if it satisfies the following conditions
(1) int(P;) Nint(P;) =0 if i # j;
(2) for each P; € P there is a R; > 1 such that

(2.1) ifn < R; andint(f™(B;))Nint(P;) # 0 thenint(f™(P;)) C int(P;) orint(f™(P;)) D
int(Fy);

(2.2) if int(f7(P)) Nint(P;) # O then fRi(P;) D int(P;).
(3) #{f(P);i € N} < oo,
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(4) f |p, is a homeomorphism and it can be extended to a homeomorphism sending P;

onto f(F);

(5) lim, diam(P,(z)) =0, Vx € mnzo (U P),
where P, (x) = {y; P(f?(y)) = P(f?(2)),Y0 < j < n} and P(x) denotes the element of P

that contains x.

Definition 4.1.16. (Induced Markov map) The pair (F,P), where P is a induced Markov
partition of F': U — U, is called a induced Markov map for f on U if there is a function
R:U —-N=/{0,1,2,...} (called inducing time) such that

(W) {R =1} =Upep P,
(2) R |p is constant, VP € P
(3) F(z) = @) (z),vo € U.

In addition, if F(P) =U,YP € P, (F,P) is called a full induced Markov map and so, if
U is an open set then P is an open set VP € P.

The nested ball I can be taken in a way that I N A, ;, # 0, and thus it follows from
Corollary 6.6 and Lemma 6.7 in [Pill], that there exist the induced Markov partition P =
{11, 1, I3,...} of I and an f—induced full Markov map F'in I, with {R > 1} = J; .p L,
such that R is the first hyperbolic return time to I.

4.2 Hausdorff Dimension

In this section we will show that f has invariant Cantor sets of points with arbitrarily
large Hausdorff dimension, that avoid the singular region. We will construct Cantor set
A in the nested ball I defined from the previous section, such that it has Hausdorff
dimension arbitrarily close to one and then we will get f-invariant set A, containing A,
with Hausdorff dimension greater than or equal to that of A. For this, some notions about
the definition of Hausdorff measure and dimension will be presented.

Suppose that A is a subset of R and & = {U;} is a countable (or finite) J-cover of
A by open intervals in R, i.e., A C |J;2, U; with 0 < |U;| < ¢ for each i. Recall that
|U| = sup{|z — y| : z,y € U} for any U non-empty subset of R.

Define for a > 0

Ho(U) = U]
=1

and then the Hausdorff a-measure of A is

6—0 \U d—covers A

ma(A):lim( inf Ha(u)>
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It can be shown that there is a unique number, the Hausdorff dimension of A, denoted
by HD(A), such that for &« < HD(A), ms(A) = 0o and for o > HD(A), ma(A) = 0.

o HD(A)

Figure 4.1: Hausdorff dimension of A.

Moreover, if A is contained in A then mga(A) < mq(A) and thus HD(A) < HD(A).
The next results are very important properties related to the Hausdorff dimension,

and can be found in Falconer.

Proposition 4.2.1. (see Proposition 2.3 [Fd]) Let A C R™ and suppose that f : A — R™

satisfies a Holder condition
[f(@) = fW < Cle =y (z,yel)
for constants C' > 0 and o > 0. Then HD(f(A)) < (1/a)HD(A).

And so, as a consequence it follows that the Hausdorff dimension is invariant about

bi-Lipschitz continuous maps.
Proposition 4.2.2. (see Corollary 2.4 [Fd|)
(a) If f: A — R™ is a Lipschitz transformation then HD(f(A)) < HD(A).
(b) If f: A — R™ is a bi-Lipschitz transformation, i.e.
Cilz =yl < [f(2) = f)| < Cole —y[  (z,y € A)
where 0 < Cy < Cy < 00, then HD(f(A)) = HD(A).

This property will be useful for us to guarantee that close to the singular values of
the Lorenz map, we will obtain a set of points with Hausdorff dimension also arbitrarily

close to one and that avoid the singular region.

Definition 4.2.3. Let f : X — X defined in a set X, I C X, and F : I* — I the
f-induced map F(z) = fF@) () defined in section|4.1. 14| with R: I* — N :={1,2,...} the
first return zomming time. Given a set A C I, we define the (f, R)-spreading of A as

R(z)—1 n—1
A=U U F@o=UUran{r=n)=JOn{r>;}

zeA  j=0 n>1 j=0 §>0
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Lemma 4.2.4. (see Lemma 2.1[Pi20]) If F(A) ¢ A C I then f(A) C A. Also, if
F(A) = A C I then f(A) =A.

To show that a set A has arbitrarily large Hausdorff dimension HD(A), we will see

that for every az < 1 chosen arbitrarily close of 1 the Hausdorff measure, m,(A) > 0.

Lemma 4.2.5. Let f : [0,1]\{c} — [0,1] be a C? expanding Lorenz map and let J = (a, b)
be a nice interval of f so that Ay = {z € [0,1]\ {c}; OF(x) N J = 0} is a Cantor set.
Then HD(Ay) — 1 as |J| — 0.

Proof. Let I be a nested ball, P(I) = {I1, s, ..., I,,...} an enumerable partition of I in
increasing order of induction time, that is, if ¢ < j then R([;) < R(I;), and F the f-
induced map of the Subsection m For simplicity of notation assume that |I| = 1 and
then Y >°, |;| = 1, (otherwise we could normalize by obtaining »"°, |L;|/|I| = 1). Fixed
k > 1, define

A](Cl) = LULU---UI,
AP = AP AY)

A= i EIAY)

and so we get a dynamically defined Cantor set

Ay = lim A,

n—oo
Note that the way it was constructed, Ay is F-invariant, it does not contain the point

c and Ay C Ay, Vk. Furthermore, if for all n, we consider the interval
Liyig = (F |1,) " Tigoi) = oo = (F [1,) " oo (F 1, ) 7H(D),
ie., F"(I;. .. ) =1, by Corollary we will have that there is C' > 1 so that
(L/ONi iy | < iy i) < O ||y - (4.5)

Now fix 0 < @ < 1 and let C' > 1 be given by the Corollary [4.1.9] The nested interval
I can be considered so that Y .~ |I;|* > C' (it is enough that we take I in order to have
|L|/1I] < A~™, for all ¢ > 1 and some ny large enough, i.e., R(I;) > ng for all i > 1).
Then, there is k; > 1 such that S5 |[,|* > C. We will see that HD(Ag,) > a.

In fact, initially note that
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k1 k1 k1
Z ’Iilizla 2 ZZ(l/C’IﬂHImDa
i1,i2=1 i1=112=1
k1 k1
> (1O Y LY | L°
i1=1 to=1
k1
> (1/C)*C ) ||
=1
k1
> > LY >C>0.
=1
And so, it follows that
k1 kl kl
> el = aer (S} (3 )
i1 erin=1 =1 igrin=1
k1
> Z |Ii2“_in|a >(C > 0. (46)
12,eyin=1

Furthermore, since Ay, is compact, we need only consider coverings that are finite
collection of intervals. Given § > 0 note that if i = {U;,} is a finite §-cover of Ay, , there is
nsuch that Z = {|l;; i |,1 <y, ..., 10, < k1}is 0-cover of Ay, max{|l;, ;. |, 1 <iy,...,0, <
ki} < |U;],YU; € U, and for any I €7, I
that

1...0n

C Uj for some j. Thus, it follows from

1...%n 1...%n

n—o00 (& d—0)=my(A) >0

So, for each given a < 1, 3ky > 1 such that m,(Ag,) > 0 and therefore HD(Ag,) > «a.

However, we saw that Ay, is invariant by map F', but it is not by map f, so we take the
spreading of A, and denote by Ay, which is f-invariant compac set with HD(Ay,) > a,
since A, C Ay,.

Also, note that ¢ does not belong to /N\kl, since every point in Ag, has infinite hy-
perbolic times, and as we saw that Ay, is compact we have d = dist(c, Ag,) > 0. By
Proposition of Chapter |1} there is nice interval J; = (a1,b1) C (¢ — d, ¢+ d) with
Ay, being a Cantor set, and Ay, D Ay, so, HD(Ay,) > a.

Note that, for any other nice interval .J; contained in J;, we have A;, C Ay, and then
HD(A,,) > HD(Ay) > o > 0. Moreover, as Lebesgue almost every point accumulates
on both sides of the ¢, one can take ky > ki, and with the same construction for /~\k2, get
J2 G Ji so that we have Az, N J; # 0 on both sides of the ¢ and HD(Az,) > o > 0.

A, is a finite union of iterates by f, at most R(Iy,), of Ay, which is a compact set.
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Figure 4.2: Cantor set A with arbitrarily large Hausdorff dimension.

]

We will denote by A or Ay whenever we need to emphasize what the map, the set
obtained by the previous lemma. And so, we can take A arbitrarily close to ¢ on both
sides, which gives us the consequence of Corollary

As we deal with proximity between compact subsets, a natural way to measure the
distance between two compact sets is to use Hausdorft metric. The Hausdorff metric of

two compact sets A and B is defined as
d(A, B) = sup{d(a, B),d(b,A) :a € A,b € B}

where d(a, B) = inf{d(a,b) : b € B}. Intuitively means that it is the minimum distance

by which two compact sets can shadow each other. For example, if A = {f(c_)} and
B C A, d(A, B) can be seen in the Figure 4.3 below.

fe)

d(A,B)_\ 4_

Figure 4.3: Hausdorff metric d(f(c-), B).

Corollary 4.2.6. Let f : [0,1] \ {c} — [0,1] be a C? expanding Lorenz map such that
c € wy(f(cx)). Then there are subsets of a Cantor set A, with arbitrarily large Hausdorff

dimension, and being arbitrarily close to f(c+), on both sides.

Proof. Let J be a nice interval sufficiently small. By the previous lemma we saw that it is
possible to obtain nice interval J C J, so that A = A5 has subsets with arbitrarily large

Hausdorff dimension, that intersects J on the right side and on the left side.
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Take P the connected component of P; containing the singular value f(c_), as in the
Chapter [1| (the case f(cy) is analogue). Thus, there is S such that f9(P) = J and since
f? |p is diffeomorphism, it follows by Proposition that arbitrarily close to f(c_) we

will also have subsets of A with the same Hausdorff dimension.

|

F G S . W N b &
LI B HIRR

| c

B il \

i &4 | N fe)
' 1 |

| : ;

Figure 4.4: Subsets of A with large Hausdorff dimension close to f(c_).

4.3 Symbolic Dynamics

Let X3 denote the set of sequences of 0's and 1’s, i.e., a : N — {0, 1} endowed with

the topology given by the metric
C o — Bi
d = E—
(a,B) ;:0 9

where @ = agayas--- and B = ByB1P2---. The metric d allows us to decide how the
strings are close to each other.

Let 0 : 33 — 37 be the shift map so that o(agajas -+ ) = ajas - - -, we have (X5, d)
is a compact metric space and o is continuous (see [De]). Furthermore, consider in X3
the lexicographical order: o < f if there is n € N such that a; = 3; for: =0,1,--- ;n—1
and o, =0 and (, = 1.

We can relate the shift map o to our map of the interval f. For this purpose be

Iy =0, c] and I; = [c, 1] and following definition.

Definition 4.3.1. Let x € [0,1]\ U2, f7(c). The itinerary of x is a sequence I(x) =

apaioy - -+ where
a; =0 if f1(z) € Iy and a; = 1 if f(x) € 1.
For x = ¢, we have the sequences given by the itineraries

I(cy) = laljgle(x) and L(c_) = lgrcll(ar)

which are called kneading invariants and denoted respectively by K (f) and K_(f).
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Remark 4.3.2. The sequences kneading play a very important role, since the combina-

torics of all possible words are determined by it.

According to Melo and Martens [MM] the first n symbols of K_(f) are the symbols
of the branch of f"*! adjacent to ¢ that is contained in I, and of K, (f) are the of the
branch adjacent to ¢ that is contained in I;.

The idea is to observe the behaviour of the orbit of the points that belong to the set
A and for that we use the itinerary of the point. Note that for two different points x,y
in [0, 1], there is n so that f"(x) and f™(y) are on opposite sides of ¢, then if x # y, it
follows that Z(x) # Z(y), thus, the intersection of all branches that contains a given point
is a point.

To each branch I of f™ we can associate a word of length n, w = wowy - - - w,_1, where
w; € {0,1}, 0 < i <n—1 and there is at most one branch of f™ associated with it, which

is called a cylinder, defined as

Ci(wowy -+ wy_1) = {a=apag,ay- - €X5; oy =w;, 0<i<n—1}.

4.4 'Two-parameter family

In this section we will study a family of maps with two-parameters, in order to
observe the behaviour of their singular values and the points of A when we make small
perturbations.

Given a expanding Lorenz map, as in the Chapter[l] f: [0,1]\{c} — [0,1], 0 < ¢ < 1,

f(2) = {fo(x), x <ec,

fi(z), =>c
With full branch, i.e., fo(0) =0, fo(c-) = 1, f1(1) = 1, fi(cy) = 0, and f'(z) > X >
1,Vz € [0,1]\ {c}.

We consider the family associated to f as the two-parameter family F = {f; ;} given
by

tfo(z), r<c
fule) = o)
1—s(1- fi(x)), z>c
where (t,s) € T' = (3,1] % (3,1]. Note that fi1(2) = f(x), fis(c-) =tand f,s(cy) = 1—s.
In addition, f; s has the same regularity as f and the same singular point c.
Let go = fo ' = (f lp.) ' and g1 = fi' = (f | (1)) " There exists v < 1 so that

0<dgi(x)<y<1, Vxel01],i=0,1 (4.7)
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Figure 4.5: Two-parameters family F = {f; s}

and then the inverse branches of f; ; will be given by

ho(t, s, x) = go <%> if a, =0

hoc (t,S,l’): — (1 —
* hi(t,s,x) = ¢ <%) if o, =1

thus,
ho(t, s, x) = (go o u)(t, s, )
{hl(t,s,x) = (g1 0v)(t,s,2)
where
u(t, s, x) = % and v(t, s, x) = @
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In what follows each «p will be either 0 or 1. And to simplify the notation of

ha, (t,s,x) we will omit ¢, s in some moments writing simply h,, (x), for the composi-

tions Aagay--an () = Pag(t, S, hay.an, (2)) and z; = hq,...q, (z) for i > 1. Observe that

dpult,s,x) =1 duu(t,s,x) = — Osu(t,s,z) =0
Opv(t, s, x) =1 Ow(t,s,x) =0 osu(t,s,x) =
Dy () = go(ult, s, x))0wul(t,s,r) > =y if ap =0
0 if =0
Oyha, () = o
gi(v(t,s,x))0sv(t, s, z) < 718_2”” if ap, =1

Moreover, we also have,

Otha, () < 0if ap = 0 and Oshy, () > 0if oy, =1

(1—z)

2

(4.10)
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in cases where x # 0 and x # 1 respectively.

! (u(t Oyul(t,s,x) <2 ifap =0
0 < axhak<£[)) —_ go(u( 757'x)) /U/( S x) t 1 @k' (411)
gi(v(t,s,2))0v(t,s,2) < T if oy =1
Then we get by induction and using the Chain rule,
k—1
aZh’C'lOOfl“'Cln( ) af Qg xl + Zaﬂ g karl 1_‘[a hal szrl) (412)
= =0

where ¢ =t, s.

Remark 4.4.1. Note that if x is close enough to 1, for ayx, = 1, the derivative Oshq, ()
will be close enough to 0. And, if x is close enough to 0, for ay; = 0, Ophy, () will be close

enough to 0.

So that we can analyze the behaviour of the points of the Cantor set A(t,s), each
point p(t, s) € A(t, s) will be approximated by the inverse branches of the map f; ;.

According to Remark for each (t,s), we will have a subset ¥, , C 33 given by
the kneading sequence of f; s, which will give all possible combinatorics associated with
the map f; ;.

Finally, for each (¢,s) € I', o = gy - - - € Xy 5, and 1z chosen in [0, 1], we deﬁneﬂ
the coding map ¢y : X — [0, 1] by

Grs(a) := lm hay 0 hay 0+ 0 hy, (0) (4.13)

n—o0

Note that for each (¢,s) the map ¢;s(a) = é(a,t,s) is well defined because, as

mentioned in Section 4.2, two different points have different itineraries.

Lemma 4.4.2. The partial derivatives of ¢ satisfy the following estimates:

0> dd(art,s) > —L Z o (1) (Z)H’“ (4.14)

S

0 < 0s0(a, t, s) Zak ( ) (—)k_nk (4.15)

k>0

where ng = #{a; = 0;0 < j < k}

Proof. Initially we see that for every k, by the equation (4.11)), we have

k—1 ~ - ~ ke
[ Orfawis2) < 7))

2The definition of ¢ does not depend on the choice of .
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with ny = #{a; = 0;0 < j < k}. And using the equation (4.8), for ¢ =t we will have
each term of the expression (4.12)) will be

Othay, (Try1)- H Opha,(Ti1) § — 12\t s
i=0 =0 if ap =1
In particular
m /y ’y Nk ’y k—nk

and so equation (4.14]) it follows from expression (4.12) when n goes to infinity. The
equation (4.15)it follows in a similar way.
O

We will be interested to see how the points of the set Ay and the singular values of
f vary in relation to the parameters, but precisely we will see that when making small
perturbations in the branches of the function f, the singular values will go through a
subset of A; with Hausdorft dimension arbitrarily close to one.

In addition, we have that the two-parameter family { f; s} of functions, is continuous

in each parameter ¢, s, which means given ¢ > 0 there exists § > 0 such that
[t —to| <0 = [fo,s(x) = fros(2)] <€

[s1= 0l <0 = [frs(2) = frs(@)] <€

for all z € [0, 1].

The next Proposition gives us an estimate of the partial derivative of ¢ with respect
to parameters ¢, s and points close to 1 or close to 0.

Let v < 1 be the contraction rate of inverse branches seen in an let 1,, C X5

denote the cylinder C, (1,--- , 1), that is, whose itinerary is formed by the first ny elements
——

no

equal to 1 ( similarly to 0,, C 7).
Furthermore, given a € ¥, ; and ¥ a vector in the plane we will denote the directional
derivative of ¢, (t,s) = ¢(a,t,s) in the direction of ¥ by Dzpa(t, s).

Proposition 4.4.3. Given arbitrarily small o < 1, there are ag = ao(y) € (5,1) and

no > 1 such that for each to, so € [ag, 1) with 1,,,0,, € 3.5, we have:
If o € 1,,,
: o
(Z) 0< ‘at¢(a7t0730)| < 5;

(i1) 0 <n < |0sp(a,to, s0)| <1+ % for some n > 0 depending on no,
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(ii1) 0 < |Dgda(t,$) |to,s0) | < o for v=(0,1),V0 > 0.
Moreover, if B € 0,,,
. o
(21)) 0< |as¢(57t0780)| < 57
(v) 0 <n <|0o(B,to,s0)| <n+ % for some n > 0 depending on ny,
(vi) 0 < |Dgga(t,s) |(t,s0) | <0 forv=(0,1),V0 > 0.

Proof. Let v < 1 be the contraction rate of inverse branches and let 0 < o < 1

Take ag such that v < ag < 1. So X < 1 and then the series
Qo

g Z ()

a2
0 x>0

is convergent. Thus, there is n,, > 1 so that
"\ o
E — ] <= 4.16
nao

Y < 7 , so for all tg, sp € [ag, 1) and every « in
s

~
Sao(k > nao) - ?
0

Let ng > ng,. Note that, for ¢, s > ay,
the cylinder 1, it follows by (4.14))

Nk k—ny,
0< |at¢(a7t0780)| < 12 (1 - Oék:) (1) <l>
t to S0

< S (k2n0)<%.

For item (i7), as oy, = 1 for 0 < k < ng, we have
aghak(l‘k_H) > 0, VO <k < no-

Thus, in opposition to the case of the partial derivative in relation to ¢ we have

no—1
Z Oshey, (Tri1)- Ha he,(Tis1) (4.17)
Therefore ds¢(a, to, So) is strictly positive and greater than or equal to Sg, (k < ng)

Moreover, for the upper bound we have

nog—1

Z Osha,, (Tr11). Ha P, (wiy1) + Z Osha, (Tr+1)- Ha Pa,(Tiv1)

8s¢(a7 tO; SO
k>ng

o
< Sso(k<n0)+§:n+§.
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where

k
Y Y
Sso(k < no) = S—g Z <S—O> =1. (418)
k<ng

o
Note that we are not necessarily requiring that n be less than 5 i.e., it is not necessary

that 0s¢(, to, so) < 0. However, for item (iii), we will see that it is still possible to obtain

o
In fact, take € < 0/2S,,, we know by (4.16) that for ng > ng,

Sao (k’ > ’I”L[))

wlq

Furthermore, ny can be taken large enough, i.e., 3 and sy close enough to 1, so that
for every point p € 1,,, we have ft{),so@) close enough to 1 for 0 < j < n,,, that is,
11— fl . (p)] < efor 0 <j < ng,.

So, we will have according to the Remark , for the sum (4.17) up to ng,

v v\
14— ot (—) ]
So So

< €S, <0/2

nao—l

Z a hak zk-}—l Ha haz xz—i—l < 12

50

Now, for all ¢y, sg € (ag, 1) fixed, and every a € 1,,,, analyzing the variation of ¢,(t, s)

along the line through point (¢, so) in the direction of the vector v = (6, 1), we have

’Dﬁ(ba(ta 3) ‘(to,so) ’ = H —»H ‘at¢a(t07 30) 0 + as¢a(t0, 50) 1‘
S ||UH [ ‘at¢a(t0750)‘ 0 + ’as¢a(t07 30)‘ ]
e (@) @)
(a€lng) IVl [t% ,;0( g to S0

(to,s0>a0)

So, if < 1

U a0k>no ao

- 1 [J+a}<
— | =+ = o
[l L2 2
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since 1 < ||v]| = V0% + 1.
And if 6 > 1,

1 |7 gl *
qu’ a t? S < 170 | a2 ao 6
| Dgda(t, s) |(to, o)| = 7 [ag Z <a0> +n
k>ng
< ! [09+a} < o<
= e D) e =
| L2 " 20 T i)

since 6/ < 1.
And so item (7i7) is established.
For the case 8 € 0,,, just note that we will have the case analogous to the previous

case with inversion in the variables ¢ and s, and then by the expressions obtained in

Lemma [£.4.2] we will have

ng k—nyg
0< as(b(ﬂatO?SO) S 12 Z ﬁk (%) (Sl(]>

for the derivative in ¢

ng k—ny,
0 < [3:¢(B,t0,50)] < Si(k < ng) + tlz > (1= ) (%) (l)

s
0 k>ng 0

o
< 77+Sa0(k2n0)<n+§.

and, for the directional derivative in v, it also follows in a similar way to the previous
one, observing only that, in this case, we will use the reasoning for points p € 0,, with
1 ., (p) close enough to 0 for 0 < j < ng,, that is, [f] . (p)] < € for 0 < j < ng,, using

Remark again.
U

Remark 4.4.4. So, for any smooth curve

U (—€e€) — lag, 1] X [ag, 1]
A= (A = (Di(A), Pa(N))

with ¥(0) = (to, So), we will have then for a € 1,, (analogue for f € 0,,)

(e 0 ¥)'(A) [x=0 | = | 7 dalto, 50) - ¢'(0))] (4.19)
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where Y'(0) = (0,1) for some 6 > 0 depending on the curve 1 (Figure . So, from
what we saw in item (iit) (analogue item (vi) for case ), we have the rate of change that

¢ wvaries in relation to X along curve v, at point (to, So), has the same estimate

[(Pa 09) (N) [r=o | < 0. (4.20)
g
¥ (o) /\
/_" s0 ....... e
! Y(0)

—t "0 : )

-€ 0 € a, ty 0 c 7
Blty 5g)

Figure 4.6: Variation of ¢, along curve .

Remark 4.4.5. For the singular values f; s(c—) = f(t,s,c-) =t and frs(cy) = f(t,s,¢4) =
1 — s of a map fis, we can see that the rate of change at a point (1, so) in the direction

of the vector v = (6,1), for 6§ >0, is given by:

Daf(t5.02) ltomy = o [0(F) (Fos 50, ¢2)-8 + Dl F)(fo: 500 ¢)-1]

||
_9
0% +1

<y

and

‘ ~

D5f<t7 S, C+) ’(to,so) ’ H [8t(f)(t07 S0, C+)'0 + aS(f)(t[)? 50, C+>'1]
-1
N
Note that for very large 0, we will have Dgf(to, So,cs) close to 0 and Dgf(tg, So,c_)
close to 1,i.e., the vector U would be close to the direction (1,0), in which the left branch of

fr.s is perturbed, while the right branch is not perturbed. And for very small 0, Dz f(to, So, C+)

<

close to —1 and Dgyf(to, So,c—) close to 0, in this case the vector ¥ has a direction close
to (0,1).

These situations will not be interesting for the next result, as we do not want either
of the two rates of change to be close to 0. So, we will find an estimate for 6 close to 1,

so that the rates are greater than the value of o taken.
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We have for 6 =1,

Dyf(to, s0,¢4) = —1/V2 and Dyf(to, so,c_) = 1/v/2

if0< <1
Dy f(th S0, C ) < 1/\/— |D17f(t07 5070—)| < 1/\/§ (4 21)
Dy f(to, s0,c4) < —1/\/_ | Dy f (to, s0,c4)| > 1/v/2
and if > 1
Dy f(t0730> ) > 1/\/_ ’D”f(tmsov )| > 1/\/_ (4 22)
ﬁf(t(h 507C+) _1/\/_ |D17f(t07 807C+)| < 1/\/_
Thus, fized o < 1/+/2, in order to obtain Dyf(t, So,c_) > o, we have
/ S0 = 0> ——
o —7
02 +1 V1 — 0?2
and for Dgf(to, So,c4+) < —0, we have
4 Vi
<—0 = 0<——m.
02 + 1 o
' “ ‘:‘o ;
Figure 4.7: Variation of 6.
Therefore,
A L AW )| > (4.23)
0] , 50, C o, .

for example, for o = 1/2, we can take 1/v/3 < § < /3.

The next result shows that, given a map f;s, the sets obtained J;s and A, in
Lemma |4 of the Section [4.2] are not destroyed under small perturbations. Intuitively
this means that the boundary points of J; ¢ will not reach ¢, when we make variations in

the parameters.
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For the next results, we will be considering o < 1/ V2 and let ay and ng be as in the
Proposition 4.4.3]. In addition, we will consider curves ¥(A) = (t()),s())), so that for
every (t,s) € 1 the tangent vector to the curve at this point has direction satisfying the
relation (4.23)).

Lemma 4.4.6. Assume that fy, s, € F for some ty, s € (ag, 1) with ty € 1,, and 1 —sq €
Ong, that Jy, s, = (a(to, S0), b(to, S0)) is a nice interval of fi, s,, with a(to, so) € 01,, and
b(to,s0) € 10n, and Ay sy = Ajitg,s0), and that (X) = (t(X),s(N)) is a smooth curve
passing through (to, so), with tangent vector at each point satisfying .

Then, varying (t,s) along the curve ¥, with t, s increasing, the nice interval J; s and

Ay s continue to exist for the perturbed map f ;.

Figure 4.8: J; s and A, persist in the cone.

Proof. Fix fi, s, and let Jy, 5, and Ay 5, be as in the Lemma statement. Note that, as
a(to, so) € 01,, and b(to, so) € 10,,, we have fi, s (a(to, s0)) € 1,, and fi, s, (b(to, S0)) €
O

We will fix the itineraries of fi, s (a(to, s0)) and fi, s, (b(to, S0)), provided by the
map fi,.s,, and denote by ag and Sy, respectively. So, ¢, (to, S0) = fio.s0(a(t0,50)) and

D50 (0, 50) = fro,50 (b(t0, 50))-
Furthermore, note that (see Figure

b(t07 SO) < fto,so (a(t()? 80)) < ft0750(6—> and fto,so(c-i-) < fto,so<b(t07 SO)) < a(t07 SO)'

We can see that, with these itineraries fixed, according to Remark [£.4.4 when varying
(t,s) along a smooth curve 1, passing through (¢, so), with tangent vector to the curve
at point (to, o) having the direction ¢'(0) = (0, 1), we have the following estimates for
the variation of the points fi, s, (a(to, o)) and fi, s, (b(to, o)),
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£ (b) f, (@)
TO,SO 070
|—e :1 b } ’ \: . |
0 ) & c B 1
f, @) £, @)
0°"0 %0 T

Figure 4.9: Nice interval and images of the boundary points.

|(Pag 0 ) (A) [x=0 | <o and [(dg0¢)'(A) [x=o | <0 (4.24)
Moreover, since 6 satisfies relation (4.23]), we have
d
af(t()\),s()\),ci) Irzo | >0 (4.25)

Thus, by increasing t, s, even though the points f; s(a(t,s)) and f; s(c—) move in the
same direction we can see, by their positions and the rates of change given by equations
and , that f;(a(t,s)) will not reach f;s(c—). If the directions are opposite,
we will have the point f;(a(t,s)) moving to the left, while f;s(c—) moves to the right
and, clearly, they will not collide.

For points f; 5(b(t,s)) and f;4(c;), the argument is the same, and also they will not

collide.
f, O f, @
00 00
= e @ b
i L) f, ()

0

Figure 4.10: Point behaviour when varying (¢, s) along the smooth curve.

In the Figure [£.10] the arrows indicate the direction of variation of the points, when
we make t and s increase.

Therefore, the nice interval J; 4, for f,,, having the edge points with the same
itineraries as the interval J,, 4., for fi, s,, Will continue to exist under perturbations. In
fact, if this doesn’t happen, that is, if J; s are destroyed, then the point a(t,s) or b(, s)
will reach c. However, this occurs if and only if f; s(a(t, s)) reachs f; s(c_) (or fis(b(t,s))
reachs f; s(c;)), what we have just shown it does not happen.

Thus, all the itineraries that exist for the points of the Cantor set Ay, 5, will also exist
for the Cantor set Ay . O



57

Lemma 4.4.7. Let f;, s, € F for some to,so € (ag,1) with ty € 1,,, 1 — 5o € 0y,
and let Jy, s, = (alto, So),b(to, S0)) be a nice interval of fy,s,, with a(to,so) € 01,, and
b(to, s0) € 10,,, such that Ay, s, having subsets A
Af o, 1o fro.se(cq) with HD(AE

curve passing through (to, so), with tangent vector at each point satisfying (4.23)).

Then, varying (t,s) along the curve ¥, with t, s increasing, the singular values f; s(c—)

to.so arbitrarily close to fu 4, (c—) and

) > 1=, for some § small enough. Let ¢ be a smooth

and of A .., respectively, for map fi .

and f; s(cy) will cross the continuation of A 507

t0,S0

We will see in the Section that this will happen for a set of parameters with a

positive Hausdorff dimension on the curve .

Proof. Let f;, s, and ¢ as in the Lemma statement. Given d > 0 small enough, let J;, s, =
(a(to, s0), b(to, S0)) be an nice interval of fi, 5., with a(to, so) € 01, and b(tg, so) € 104,
and let Ay, ,, obtained by Lemma [£.2.5] so that the HD(Ay, ) > 1 — 6.

According to the Corollary [£.2.6] there are subsets of points of Ay, s, with Hausdorff

dimension also greater than 1 — §, arbitrarily close to fi, s,(c—), on both sides, and the

same for fy, o, (ci). Denoted by A; . and Af . . respectively. So that we can assume
— +
Apyso C Ly and Af ( C Oy
L e)
frl,sl(c+) f‘o:‘o(ch) Ly, ARG
I \ 'l' b bd i ¥ il
T . =y I
- GdOG T e ke
t0+’50 E E i 'E 19,50
At1,s1 : ; 1 framanee At .

Figure 4.11: Variation of sets A

t1,51

and points fi, ¢ (c—) and f,  (cy), for t; > ¢y, and

S1 > So.

t0,50

Thus, for each point p(tg, sp) € A we will have p(to, sg) belongs to the cylinder

Ln,. And for each point ¢(to, so) € Af, ,, we will have q(to, s9) belongs to the cylinder Oy .
Now making perturbations of f, 5, with (¢, s) varying along the curve 1, we know,
by the Lemma M’ that the sets J;,, A, and Atfs persist. Moreover, according to

Remark [4.4.4] and relation [£.23] analyzing the rates of change of the singular values and

the points of A; . and A{ . we have
d /
|75 f (), 5(A),e2) Iamo | > 0 > [(9a 0 %)’ (A) [0 |
for a € 1,,,, and
d

/(A 5(A),e4) azo | > 0 > [(05 0 9) (V) |a=o |
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for 5 € 0,,.
Then as A,

to,s0

and AF

t0.so are arbitrarily close to fy; s, (c=) and fy, s (c4), respectively,

the result follows.
Notice that every time f; (c_) reaches some points p(t,s) € A;,, we have f; ,(c_) do
not accumulate in ¢ for map f; ;. Similarly for f; ;(c4) reaches some points ¢(t,s) € A;t 5
m

The main goal is that we have both singular values, at the same time, not accumu-
lating in ¢, when we make small perturbations on the map f, s,. This will mean being to

be Misiurewicz maps. We will see, in the Theorem below, how to obtain this.

Remark 4.4.8. As in Definition we have here that a point (t,s) in the parameter

space 1is said to be a Misiurewicz point if the respective map f; s is a Misiurewicz map .

Theorem 2. Let f;, 5, € F, Ai,sw and Yo be any smooth curve satisfying the conditions
of the Lemma[{.4.7

Then, there is a set of points Tg in 1y , so that, for each point (t;,s;) € Tg, there will
be a smooth curve 1; passing through (t;, s;), transversely the curve vy (see Figure ,
and containing a set of points I';, such that for each (t,s) € I'; the map fis associated is

a Misiurewicz map, i.e., we will have ¢ & wy, (fis(c+)).

In the next section, we will show that both the set I'y, and the sets I'; have a positive
Hausdorff dimension in the curves 1y and ;, respectively, so we consider the Hausdorff
dimensions of the Cantor sets AF _ in the Lemma and Theorem .

to,S0

Proof. Let 0 < 1/4/2,a9,n¢ as already mentioned, satisfying the Proposition Let
to, so € (ao, 1) with ¢y € 1,, and 1 — sy € 0,,, and let J, , be an nice interval of f;, s,
and Aj , with HD(AL ) > 1— 6, for some § small enough, as in Lemma m

Take any smooth curve v passing through (¢, so) so that for all (¢,s) € vy the
tangent vector to the curve at this point having the direction satisfying the relation .
Due to Lemma , we have that under the curve vy there is a set of points 'y (Fi-
gure , arbitrarily close to (g, so), such that for each (¢,s) € 'y, the singular value
fts(co), for map fi s, do not accumulate in ¢. That is, we are considering the points
(t,s) in I'y which correspond to the moments when f; (c_) reaches some point of A,
continuation of A; .

We will denote the points of Iy, by (¢;, s;). Note that for each (¢;, s;) we have the nice
interval Jy, 5, = J(a(t;, s;), b(t;, s;)) which is the continuation of Jy, s, = J(a(to, s0), b(o, s0))
according to the Lemma And, so the itinerary of a(t;,s;) is the same for all i, as
well as that of b(t;, s;).
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Figure 4.12: Points (t,s) € 'y on the curve vy with ¢ ¢ wy, (fis(c-)).

Furthermore, for each (¢;,s;) € I'g we get f, s, (c-) = t; do not accumulate in ¢, i.e.,
Galtis si) = p(ti, si) € Ay, where a € 1, and fi, 5, (c-) = p(ti, s;) = ti.

For each point (¢;,s;) we will fix the itinerary of ¢;, provided by the map f;, ,,, and
denote by «;. So, we know, by lexicographical order, seen in the Section [4.3] that for the
nice intervals J; s continuation of J;, s, the points that have this itinerary «; its future
orbit avoid J; ;.

We will find a smooth curve v; passing through (;, s;), so that all points (¢, s) € 1
will have the itinerary of ¢, provided by the map f;;, being the same of ¢;.

In fact, let

Gi(t, s) = dai(t,s) — t.
Then, we have
Gi(ti, 8i) = P, (tiy 5:) —ti =0,
and as, a; € 1,,, and t;,s; € (ag, 1), because they are close enough to tg, so, respectively,
we have by the item (éi) of the Proposition that

05Gi(ti, 5i) = Os@ay(ti, 5:) # 0.
Therefore, by the Implicit Function Theorem, we have that for each i, there is t; € B;
such that we will have s = g;(t), for t € B; ( for simplicity we write only ¢(¢)) and
¢O¢i (tvg(t)) =t with g(tz) = S;-

Thus, we obtain the curve ; passing through (¢;,s;) as the graph of the function ¢ in
domain B;.

Note that the tangent vector to the curve v; at point (¢;, s;) may not satisfy condi-
tion (4.23))(see Figure . In fact, we will have

00, (t, 9(t)) + Osa, (t, g(t)).g'(t) = 1
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thus,
1— at¢a'(ti Si)
"(t;) = — 4.26
g k) Osa, (L, i) (4.26)
and, as by items (¢) and (i7) of the Proposition we have
—0 < o, (tiys;) <0 and 0 < Osq, (ti,s:) < o
follow that
"(t;) > 1 >—7 (4.27)
RV e |

Figure 4.13: Curve 1; and points (¢, s) € I';.

However, as we now want the singular values of the left f(t,s(t),cy) = fisw(ct) =
s

1 — s(t) to reach the points at Azrs(t), we will use the estimate (4.21]) at the point (¢;, s;).

PR Bty

]
I
I
I
I
I
t

B 0"

Figure 4.14: Points (¢, s) on curves, with the map f; ; being Misiurewicz.
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So, noting that s; € (ag, 1) with 1 —s; € O,,, and A . is arbitrarily close to fy, s, (c),
we have according to Remark and estimate , that by varying (¢, s) in 1; we
will have the singular values f, ) (cs) crossing the continuation of A , .

Then for each 7, along the smooth curve v;, arbitrarily close to (t;, s;), there is a set I';
of points (t,s(t)), such that f, ) (cy) =1 = s(t) € Ay s and also figu)(c—) =t € Ay g
Therefore, fi 4 (ct) and fi 54 (c—) do not accumulate in ¢, by map fi ).

]

Remark 4.4.9. Note that for (to,sy) obtained as in Proposition [{.4.5, considering the
cone I with the origin in (to, so) and obtained satisfying estimate (4.23|), from any point
(t,s) € I'" we can consider the set A, s continuation of Ay, s, given by Lemma and

then we can use the same reasoning as in Theoremfor a curve g passing through (t, s)

and satisfying estimate (4.23)).

1

_________________________

(tySo)

ay t ti 1

Figure 4.15: Curve ¢ in the cone.

4.5 Parameter Space Hausdorff Dimension

We will see in this section that the set I'y and the sets I'; of parameters, obtained in
Theorem [2, of the previous section, have a positive Hausdorff dimension in the curves 1)
and 1);, respectively. We saw that the maps associated to these sets I';, has its singular
values not accumulating in ¢, since each set of points I'; = {(¢, s(¢))} found in each curve
1;, was determined in this way. While in the case of set 'y, we only guarantee the singular
value of the right not accumulating in c.

In order to obtain estimates of the Hausdorff dimension in the parameter space, we
will construct a bi-Holder continuous map that projects the points of the phase space into

the parameter space.
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We know, from the hyperbolic continuation theorem, that there is a homeomorphism
that conjugates the hyperbolic sets that are close, but in addition, we have that this map

is bi-Holder continuous, as we can see in the following theorem.

Theorem 3. (see, for example, [KH] Theorem 19.1.2) Let A and A be compact hyperbolic
sets for diffeomorphisms uniformly expanding maps f and f, respectively, and h = fhf_l :
A = A a topological conjugacy. Then both h and h™" are Hélder continuous.

Thus, fix f = fi,.s, for some ¢ and sg as in Theorem [ of the previous section, and let
Ao = Ay, 5, be a compact hyperbolic invariant set for f, with HD(Ay) > 1 —4, for some ¢
small enough. There is € > 0 such that, for each ¢t € (to—e€,to+e€), there is a Ay 44 C [0, 1]

compact hyperbolic invariant set for f; ;4 and there is a bi-Holder continuous map

")/t . AO C [O, 1] — At,s(t) C [0, 1}

p = vp) =~ p)

where 7, (p) = p for all p € Ag. In addition, we have that ?)_Z exists and is continuous.
Note that for each fixed ¢, the map 7; is an increasing map. In fact, given p <
q € Ao, we will have to v(t,p) < 7(t,q), as shown on the left side of the Figure [4.16]
because otherwise there will be a ty < t; < t, so that vy(t1,p) = v(t1,q) (see right side of
Figure and then v;, would not be a conjugation between sets Ay and Ay, 44,

ik

?«y(,)

P, '\/—\\ /\j “rhp)

0

fy t tO t t

Figure 4.16: The map v, is an increasing map.

We define the map

U:(to—€to+€) X Ng — (tog—€,tg+¢€) x[0,1]
(t,p) = V(t,p) = (t7(tp))

(see Figure [4.17) and we will get an extension U, from ¥ | in the domain (t, — €, to +€) X
[0,1].
For this, we define an extension 7;, of ~;, at the points of the gaps of the set A,

as follows. If (a,b) is a connected component of [0,1] \ Ag and =z € (a,b), we have
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=Y

i -
A, o i
95 : H 1 ?(-,p) P(t,p)=(1,9(t,p))
o /\ V(1 ,p)=(t,0)
(t,- €, ,+ €)x{p} ? E B((t- €y x(pD T
+ ——
0. | I
b€ ty ¢ l¥E

Figure 4.17: Map ¥(-, p) between local leaves for points p of Ay.

z = (1—r)a+rbfor some r € (0,1), then we will define

(@) =7 2) = (1 =)y, a) +ry(t,0).

7 (b))~
7 (@) >

Nt sty

£ i e
0 A, ax b 1

Figure 4.18: Map 4; extension of map -, in the points of the gaps.

So, as defined, we have that for each t, 7; is also a continuous increasing map, therefore
injective (see Figure [£.1§8 ). And then we will have for any two distinct points = # y €
(a,b), the curves ¥(t,z) and 7(t,y) with ¢ varying in (t, — €,tg + €), are differentiable
curves that do not intersect.

We can also observe that 7; remains bi-Holder. Indeed, for fixed ¢, we have 3, [r,= ¥
and let us denoted g(x) = 7(t,z). As a,b € Ay and g |5, is Holder continuous map, we
have that there are C' > 0 and « € (0, 1) so that

l9(a) = g(b)] < Cla —b|*.
For x < y € (a,b), we have

r=(1—ry)a+mrband y=(1—ry)a+ rb,
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}«(Lr)(rt(b)—yr(a))

} <1 G (B)-7 (a)

Figure 4.19: The curve (¢, z) for ¢ varying in (ty — €,to + €).

for some 1 < 1y € (0, 1), thus,

g9(x) = (1 =r)g(a) +r1g(b) and g(y) = (1 = rz)g(a) + rag(b),

what gives,
l9(x) —g(y)| = (r2—71)]g(a) — g(b)]
< (rg —r1)Cla —b|*
< (ra—r)'7Clz —y|*
< Clz —yl|~.

and then it follows.

Therefore, the map \TJ, given by

v (to—e,to—i—E) X [0,1] — (to—G,t0+€) X [0,1]
(t,x) — Ut z):= (7))

is a bi-Holder continuous mapping in each of the variables. And, for each x € [0, 1], the
curves U((tg—e, to+€) x {}) define a foliation § of (to—e¢, to+€) x [0, 1], where these ones
are the local leaves and W({t} x [0, 1]) are the transverse leaves. So, we have a change of
coordinates that rectifies the local leaves (Figure [£.20)).

Initially we will discuss the case for the set ['y contained in the curve ¥y(t) = (¢, s(t)),
in the parameter space. We saw that for f;, ., there is a subset of points of Ay, arbitrarily
close to f,s,(c—) = to, having Hausdorff dimension greater than 1 — 9, and that without
loss of generality we will continue to denote by Ag. So that when we perturb f, s, with
(t,s) on the curve 1)y, the singular values f; 4 (c—) = t will cross Ay ), which is the
continuation of Ay for the maps f; ), and that the points of I'y corresponded to the

moment when f; ;4 (c_) reached some point of A, 4.
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L
=€ TO+€ t-€ t+€

Figure 4.20: Map U extension of map V.

We will now restrict the map W to the set (tg—¢, to+€) X (to—¢, to+€) (see Figured.21)),
in order to obtain an estimate of the Hausdorff dimension in the parameter space, of the

Misiurewicz maps obtained.

o D=0

Figure 4.21: The map W is restricted to (fg — €, to + €) X (to — €, o + €).

Now, denoting by ¢ the straight line f; 4 (c—) = t, i.e., ((t) = (t,t), we have that ( is
transversal to the foliation, i.e., each local leaf intersects ( in only one point, and then the
change of coordinates W, gives us { = U(¢) = {(t,77'(t, 1))} a transverse C" curve
intersecting each rectilinear leaf (ty — €,to + €) x {z}, for z € (ty — €,y + €), at a single
point. Note that we are only interested in the points of intersection to which x € A, i.e.,
774t t) =7, 1(t) € Ap ( Figure .

Let Ty = {t;7, *(t) € A¢} and consider F(t) = 5'(¢,t). We have that F is a Holder
map and F(Ty) = Ay, thus, as HD(Ag) > 1—0 > 0 it follows from Proposition that
HD(T,) > 0. In addition, we can see in the parameter space that, 10(75) = I'g and then
by Proposition , it follows that HD(I'g) > 0.

Now fixed 7, we will see the case for the set of points I'; on the curve ;. Remember

that we have v; defined in B; and that for every ¢ € B;, any point on the curve ¢;(t) =
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Figure 4.22: Hausdorff dimension of the projection on the axis .

(t,s(t)), obtained in Theorem [} has fi ) (c-) € A

However, only the points (¢,s(t)) € I'; also have f;  )(cy) = 1 —s(t) € Aygu). In
addition, we know that s(¢) was obtained by a diffeomorphism ¢ from B; to g(B;) = I;
(¢'(t) > 0, for any ¢ € B; see inequality (4.27))). Thus, there is a set S; C I; so that, for
each s € I;, taking 1,(s) = (g7'(s),s) = (t(s), s), we have 1,(S;) = I; (see Figure .

Figure 4.23: S; projection of I'; on the axis s.

Constructing a foliation as before, given by U in I; x [0,1], and observing the conti-
nuation of the set Ay, ,, arbitrarily close to fi, s,(c;) = 1 —s;, having Hausdorff dimension

greater than 1 — §, we can restrict the map W to the set (a;,b;) x (1 — b;, 1 — a;), with
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I; = (@i, b;). Thus, we will have the curve ((s) = (s, fis)s(c+)) = (5,1 —s) transversal the
restricted foliation and then we get ¢ = W=1(¢) (see Figure m ). Proceeding in the same

way as in Tp, we find for S; C I;, HD(S;) > 0 and therefore HD(I';) = HD(¢,(S;)) > 0
(Figure [4.25)).

; ——
1=, Fo {s)=(5,1-5)
X l-aiu \\ : i ¥
=X : i | '
‘\\ 1 N 1
\\ '
——C — =
N\ I
| \ |
1 N\ 1 1
1 \ 1 1
L \ 1
\\
T \ 1 1
1-b. 7 AN 1-b : !
az \bi az bi
0
% s 1

Figure 4.24: The map W is restricted to (a;,b;) X (1 — b, 1 — a;).

l-a, =0
\
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1-a; \\ |
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Yy 1
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I | 1
s, N [
it ¥ . N
! | ! T\ |
| : | N [
L ! i hY :
. T ] T .Y 1
T 1 £ M. ¥
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L N S T N
a. | : ' 1 :x: \b
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| 1 1 ;l
0 LLtiy oLy
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Figure 4.25: Hausdorff dimension of the projection on the axis s.

To finish the proof of Theorem [D} note that for each (¢,s) € T, ¢ ¢ wy, ,(fis(ct)), s0
for each (t,s) € I';, fis(cs) satisfies condition of Theorem |B| and therefore it follows
from Theorem [B| that for each (¢,s) € I';, there is a constant C;s > 0 such that the

Lyapunov exponent of every ergodic f; s-invariant probability p s is bounded by Cy ;.



Chapter 5

Thermodynamic formalism of

non-uniformly expanding maps

In this chapter we will see the proof of Theorem [E| We will see that for every (t, s)
belonging to the set I';, for each i, obtained in Theorem [D] of the previous chapter, the
Lorenz map f; s has a unique equilibrium state for any given Holder potential.

The existence of measures of equilibrium states is an important ingredient to be con-
sidered in a dynamics, because due to the variational principle, it will give us information
about the entropy of the system and the topological entropy is a way to measure the rate
of complexity of a dynamic system.

We will recall some results succinctly, for more details see for example [OV].

Theorem 4. (Variational Principle) If f : X — X is a continuous map in a compact
metric space then its topological entropy h(f) coincides with the supremum metric entropy,

hu(f), of the map f for all invariant probabilities.

In addition, for a continuous potential ¢ : X — R, the variational principle is gene-

ralized to the context of pressure P(f, ¢), i.e.,

P(f., ) = sup{ho (f) + / odv v € M'(f)}. (5.1)

And then, an invariant probability w is called equilibrium states for potential ¢ if it
achieve the supremum in (5.1]), that is,

half) + / oy = sup{h, (f) + / odv v e M'(f)}.

In systems containing critical or singular points for the case n.u.e. and potential
Holder, Pinheiro and Varandas obtained results for the existence of equilibrium states,
Theorem [5] This result applies to our context, guaranteeing the existence of a unique

equilibrium state for each map obtained in Theorem [D]
68
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Let (X, d) be a metric space, A C X an open set and f : A — X be a continuous map.
According to [Pilll], a zooming contraction is a sequence o = {a, }nen of functions
ay: [0,+00) — [0, +00) satisfying for every m,n € N and r > 0 the conditions: (i)
an(r) < 7, (ii) an(r) < a,(r’) whenever r < /) (iii) ay © @p(r) < apmen(r) and (iv)
SUD,c[0,1] 2nz1 On(T) < 00

A zooming contraction a = {a, }nen is called exponential if o, (r) = e *"r for some
A > 0. A zooming contraction a = {a,(r)}, is called Lipschitz if a,,(r) = a,r for some
sequence a,. In particular, all exponential zooming contraction is Lipschitz.

Following [PV], given a zooming contraction o = {ay}nen, ¢ € N and 6 > 0, we
say that n is a (o, d,¢)-zooming time for a point p when exists an open neighborhood
Vi, 8,0)(p) of p such that f : V,(«a,d,¢)(p) — Bs(f™(p)) is a homeomorphism that

extends continuously to the boundary, and

A(f9(@), 19 W) < ong(d(f (@), S (B)), VO <) <n—Land z,y € Vo, 0,0)(p).

The neighborhood V,,(a, d,¢)(p) is called a («, 9, f)-zooming pre-ball of order n and
Bs(f™(p)) is called a zooming ball. The set of points having n as a («, d, £)-zooming
time is denoted by Z,(«, 6, {).

A forward invariant measurable set A is called (o, 4, ()-weak zooming if

A C limsup Z,(«, §,0) :== ﬂ U Z,(a,6.0).

n—+00 k>1n>k

The map f is called weak topologically mixing on a forward invariant set U

whenever U x U > (z,y) — (f(z), f(y)) € U x U is transitive.

Definition 5.0.1 (Non-uniformly expanding set [PV]). A set U C X is called a («,9)-

expanding set for some exponential zooming contraction o and & > 0 if

1. U 1s a nonempty open set;

2. f(UNA)CU Climsup, Z,(a,d,1);
3. U C ag(x) for every x € U.

A set U C X is called non-uniformly expanding if U is open, forward invariant, weak
topologically mizing and (a, §)-expanding for some exponential zooming contraction o and
0> 0.

Let p be a f-invariant Borel probability, o a zooming contraction and 6 > 0. Given
¢ € N, we say that p is a (o, 6, {)-weak zooming if 1(X\limsup,,_, , ., Z,(,0,0)) = 0.If
limsup, o #{1 < j <n;,z € Z,(a,0,0)} > 0 for p almost every z € X, we say that
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pis a (o, 0, 0)-zooming measure. A zooming measure is (o, §, £)-zooming measure for
some zooming contraction «, 6 > 0 and ¢ € N.

Given ¢ € N, let £(f,¢) be the set of all invariant («, d, £)-zooming probability for
some exponential zooming contraction a and 9 > 0. The set exponential zooming

probabilities is defined as

E(f) = et 0 c My(x).
¢eN
Theorem 5 ([PV]). Let X be a compact metric space and C C M a compact set with empty
interior. Let f: X\ C — X be a local bi-Lipchitz homeomorphism with #f~!(z) < 400
for every x € X. If U C X s non-uniformly expanding set and ¢ is a Holder potential
then there ezists at most one p € E(f) such that

)+ [ odn=sup {m(f) + [oivive 5<f>}-

Let f:[0,1]\ {c} = [0,1], 0 < ¢ < 1, be an expanding Lorenz map. It follows from
Lemma B.2 of [Pi20] that every ergodic f-invariant probability v with finite Lyapunov
exponent (i.e., [ |log|f’||dv < +00) belongs to £(f). Moreover, as f admits an absolutely
continuous invariant probability p with supp p = [f(c4), f(c-)] and [|log|f'||du < 4o,
we get that f is an non-uniformly expanding map, according to Definition[5.0.1] Therefore,

we can use Theorem |B| to obtain the following theorem.

Theorem 6. Let f : [0,1]\ {c} — [0,1] be a non-flat C* expanding Lorenz map with
singular point ¢ € (0,1). If

1 & ,
li n— 1 J —cl| <
imsup n;’ og|f/(ce) — || < +o0

then f has one and only one equilibrium state for any given Holder potential p. In

particular, if f(cy) € B(u), then f has a unique equilibrium state for any potential Hélder.

5.1 Proof of Theorem [EL

Theorem @ assures us that, for each (¢,s) € I';, there is a constant C; s > 0, so that,
every ergodic f; s-invariant probability has Lyapunov exponent is bounded by Ci;, i.e.,
has finite Lyapunov exponent. And so, it follows from Theorem[f] that for each (¢, s) € I';,
ft.s has a unique equilibrium state for any given Holder potential ¢ : [0,1] — R. And
then the Theorem [E] is established.



Chapter 6

Measures with fast-recurrence to the
singularity of a expanding Lorenz

map

In this chapter we will prove Theorem [A] that is, we will see that there are expan-
ding Lorenz maps having many ergodic measures with infinite Lyapunov exponent, whose
entropy is positive and full support.

Let f:[0,1]\ {¢} — [0,1], 0 < ¢ < 1, be a C"! non-flat expanding Lorenz map.
Let M!(f) the set of all f-invariant Borel probabilities. A f-induced map defined on
A C [0,1]\ {c} with an induced time R: A — N:={1,2,3,---} is the map F : A — [0, 1]
defined by F(z) = ff@®(z). An induced time R : A — N is called exact if R(z) =
R(f7(x)) + j for every 0 < j < R(z). An induced map F is called orbit-coherent if
O (x) N OF (y) # 0 <= Op(x) N OF(y) # 0 for every x,y € ;50 F([0,1]).

A full induced Markov map is a triple (F,B,P) where B C [0,1] \ {c} is a
connected open set, P is countable collection of disjoints open subsets of B and F' : A :=

Upep P — B is an f induced map satisfying:

1. for each P € P, F|p is a diffeomorphism between P and B and it can be extended

to a homeomorphism sending P onto B;

2. lim,, diameter(P,(x)) = 0 for every x € [,5, F~"(B), where P, = \/;:01 F~i(P)

and P, (z) is the element of P,, containing x.

A mass distribution on P is a map m : P — [0,1] such that ), ., m(P) = 1. The
F-invariant probability ;1 generated by the mass distribution m is the ergodic

F invariant probability u defined by

p(PLNF X P)N---NE"YPR,)) =m(P)m(P,)---m(P,),
71
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where P, N F~Y(P) NN F"1(P,) € \VViZg F7(P).

Lemma 6.0.1 (Lemma C.1 of [Pi20]). Let f be a measure preserving automorphism on
a probability space (X, 2, p) and F: A C X — X a measurable induced map with induced
time R : A — N. Suppose that p is f ergodic and that v is a F-lift of p. If R is exact

and p(A) =1 then
1
§/Rdz//RdM§ /(R)lejg Q/Rdl//Rdu.

Lemma 6.0.2 (Folklore result). If F' : A — X is a measurable f induced map with

induced time R and v is a F invariant probability then

n—1
= SN Hlpe) = Y Flrsn)

n>1 j=0 §>0

is a f invariant measure with p(X) = [ Rdv.

6.1 Proof of Theorem [A]

Proof. Let p € (c,c + ) be a periodic point such that p = min(Of(p) N (¢, 1)) <
min(OF (cy) N (¢, 1)). Let J = (c,p) and note that OF(0J)NJ = 0. Let A = {z €
J; (’?;{(f(x)) NJ #0}, R: A— N be the first return time to J and F : A — J the first
return map, i.e., F(z) = f&®

Let P be the set of connected components of A.

Claim 1. F(P) = (¢,p) for every P € P.

Proof of the claim. Indeed, given x € A, let I = (a,b) > = be the maximal open interval
such that f%®)|; is a homeomorphism and f#@) (1) c J. If fR@) (1) # J, then ff@)(a,) €
J or fR@)(p_) € J. Suppose for instance that f2®)(a,) € J. If fi(ay) = c for some
1 < j < R(x) then fE@=i(c,) = fE@(a,) € J which is a contradiction with the
definition of p. So, f7(a;) # ¢ for every 0 < j < R(z) and in this case, there is § > 0
such that fR@|g . is a homeomorphism and ff@(Bs(a)) C J, but this implies that
SE@ 4 _sp) is a homeomorphism with fF®((a — §,b)) C J, contradicting the definition
of I(x). Now suppose that ff@(b_) € J. If fi(b_) = c for some 1 < j < R(z) then
fR@=i(c_) = fE@)(b_) € J, contradicting that Oj(c-)N(c,c+7) = 0. So, thereis 6 >0
such that fR®)|g ) is a homeomorphism and f®)(B;(b)) C J, but this implies that
fE@],p1s) is a homeomorphism with ff®((a,b+ §)) C J, contradicting the definition
of I(x). Hence, we must have f#@®(I(z)) = (c,p), proving the claim. O

Claim 2. g > ¢ so that (¢,q) € P and R((c,q)) = to := min{j > 1; fi(c,) = c}.
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Proof of the claim. it follows from the definition of ¢, that exists 6 > 0 such that £ c+s)
is a homeomorphism and f%((c,c+6)) = (¢, f(c+d)). Moreover, fi((c,c+8))NJ =10
for every 1 < j < to. Hence, (¢,c+ d) C A. Hence, the connected component of A
containing (¢, ¢+ §) must be (¢, q) for some ¢+ < ¢ < p and R((c,q)) = to. O

Let Py := (¢,q) € P be given by Claim . Let Py =P, P, = \/;.l:0 F7I(P) forn > 1
and Py(c) = J, Pu(c) :== (Fp,)"™(J), that is, P,(c) is the element of the partition P, ;
of J containing (c, ¢+ d,) for some §,, > 0.

Let R.: A — N be an F-induced time given by

1 lf.TEA\PO
(n+1) ifx e Pulc)\ Puti(c) for n € N

R.(x) =

Set A = U2 (Pa(c) \ Pusi(c) N (M_gF7(A))) and set F. : A — B by F(z) =
FE®)(7),

Let P.o = PoN(J\Pi(c)) :={P € P; P C J\Pi(c)} and P.,, = PN (Pr(c)\Prn1(c))
for n € N. Let A* = {z € J; Op(x) N (q,p) N A # 0}. Note that P* = [J,50 Pen is a
partition of A* and that F.(P) = J for every P € P*.

)it L e IO ) Po=P
€ q
(—),._._..—.m—.,,.—.‘—.._. ), g s )
: LN 4A N o4 > 4 R P
N / v \ i % / T
oty oL \\i,/’
Pc.z Pgl pcz[]
R. =3) R.=1
(Re (Re = 2) (Re=1)

Let o be a f invariant ergodic probability with supp u = [f(c), f(c—)]. Note that

o = mm(qp) is a F' invariant ergodic probability and

lim {0 < j < n; F/(a) € OF, ()} = pol(a.p) >0 (6.1)

for ug almost every z. As F, is orbit coherent F-induced map, it follows from Theorem A
and B of [Pi20] that uo has a unique F,-lift p,. and this p. is F.-ergodic.
Given a € (0,1) and ¢ € N, consider the mass distribution

11,(P it Pel)_ P,
mE(P): ( ) U] 0 J

Be(Peyi(c) 1 e (P) . ’
@ta) 07 PP (@ LT € Penforn>¢
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where ((s) = > °,n~° is the Riemann zeta function. Note that >, p. me(P) = 1.

H(x) 0 itz=0
xT) = )
zlog(l/z) ifaz>0

Moreover, taking

we have that

ZR c,n mf ) = Z(n+ 1) mZ(PCJL) =

n>/ n>¢
n tre(Peyi(c 1 el P =
— % +1) PEZP: C2+a) (n—102+ p(Puc) \ Payilc))
~ He(Peya(c)) ntl ! -
~ @) 2 (= areavamer 2 )-

———
pe(Pr(c)\Pr+1(c))

_ pe(Pesa(c)) n+l  pe(Peale)) xon+ 144
- 2+ Z (n—0)*  ((2+a) Z n2ta S

n>0 n=1

e (P (0) 1 (42001 +a)
S e2ta) (€+2)Zn1+a = (EWL1)Mc(73£+1(c))(€+—1<(2+a)) <

n=1

(1+a) <200+ 1)¢(1+ o) < 00

<2(0+ 1)Mc(7’1z+1(0))m <

and

ZH mg cn Zmé cn)log(l/mﬁ( cn)):

te(Pegi(c)) 1 e(P)
-3 > (e e A <

n>0 PEPcn ) Z Z (1/< 2+2fa)) )

n>0 PEP: n

Z log 2 + Oé €)2+a> B
- (24 «) €)2+0‘ B

B 1 X 1og(¢(2 + a)n?t)
= <(2 T a) ; n2+a S

_ log(¢(2 + «)) i’i nzlm N CQ +a ) i’i log(n)

C(2+Oé) <2+CY — n2ta =
24a w= n
=log((2+ ) + 75 o ; e <

24+ a)((1+ )
((2+a)

<log(¢(2+ a)) + <31+ o) <2(+1)((1+a) < oo.
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Taking C' = 2(¢ + 1)((1 + «), we have that

> > R(Pymy(P) and > Y H(my(P)) <C.

n>0 PEPen n>0 PEPe.n

Hence,
> R.(P)ymy(P) = Redpi, + (Z > (n+ 1ymy( )) < /RcdchrC < 400
Pcp Pe(e) n>f PEPc,n

and

S onp) = (X% 1)) + (X5 Homatr

n=0 Pepc,n n>0 Pepc,n

< (X )+ (XX Hmdr) <

PeP* n>f PEPep

g
~—
N——
IA

< hy (Fe) + C < 4o0.

Thus, taking v, as the ergodic F -invariant probability generated by the mass dis-

tribution my, we get that,

,,M Zng ) < 400

and
/Rcdl/mg = Z R.(P)my(P) < /Rcd,uc + C < 4.

It follows from Lemma [6.0.2] that

o F Va =n
= i S5 By
is an ergodic F' invariant probability. Note that supp 7., = [¢, p]. Moreover, as

FI({R.=n}) C (c,q)

for every 0 < j <n and n > 2, we get that

1
Mot (ap) = m’/a,d(q,p) (6.2)
For similar reason, as p. is the F.-lift of F-invariant probability pg, we have
1
1ol (ap) = muckq,p) (6.3)

As [ R.dv,, and hy, (Fe) < +o0, it follows from the generalized Abramov formula

that
hVa,Z (FC)

hy, (F)=—F+—"——".
na,ﬁ( ) f Rchavg
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It is easy to see that R, is a exact induced time. Hence, as A is the domain of R,
and 7,¢(A) = 1, it follows from Lemma that

/ Redne > %( / (RC)Z’dua,g) / ( / Rcdua,z> >

fRduc+C Z D (1) m(P) =

n>f PEPcn

pelPes(@) (17 pP)
2(f Re dluc_‘"c Z;PEXP: 2+a (n = 0% pe(Pp(c) \ Puga(c))
(

_ 1 fe(Peti(c)) (n+1)? fe(P
S e C) (2 ) 2 (a— 0P 2o GlPrle) \ Pral)

~
1

- 1 tre(Pes1(c)) (n+1)*
2([ Redp. +C) ¢(2+ o) Z (n— 0)2te

fie(Peta(c)) (n+1+17) fe(Pe1(c)) 1
2([ Redpic ++0)¢(2 +a) ; n#e = ([ Rudp. + C)C(2+ a) ; pa T

On the other hand, using (6.2)) and (6.3)), we have that

1
/Rdna,ﬁ = / Rdna,ﬁ +/ Rdna,ﬁ = to%,e((@ Q)) +/ Rd(R—dVa,€|(q,p)) =
(¢,9) (a,p) f

1
= toNae((c, q)) + W /J\P " Rdv,, =
cWlVa, o(c

TR Rcldm Z R(P)my(P) =

’ PEPC,O

n>/

= to%,@((@ Q)) +

D+ s o RP(P) =

’ PGPC,O

1
= toﬁa,é((c, q)) + m/( ) Rd,uc =
C (6% q,p

1 1
= tona((c, S Rd| —— —
oMae((c,q)) + T Rudvns /( . ( TR dﬂcuokq,p))

1 1
= toNa , Rduy <
077 7[((0 q)) + J" Rcdya,e f Rcdﬂzc /(‘q7p) ,UO +OO

= tona,ﬁ((ca

Therefore,

Mae = fRd Nt ZZ 7]&Z|{R n}

" n>1 j=0
is an ergodic f invariant probability and, as f is transitive on [f(cy), f(

(¢;p),

c_)] and supp fta¢ D

SUPP fia,e = [f(cy), f(co)].
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Claim 3. limg A, ,(F) > h,,(F)

Proof of the claim. Indeed,

lim h (F):limM: m -
¢ ¢ chdVa,ﬁ =00 ZPEP* RC(P> TTLg(P)

_ e pep Hm(P) _ Ypep Hpe(P) | hy(Fe) _
T limg Y pepe Re(P)my(P) [Redp, > T Redpe B (F).

Claim 4. limy [ Rdna, = | Rdug

Proof of the claim. Let R(z) be the F,-lift of R, that is, R(z) = Zf;gx)_l Ro F'(x). We
know that [ Rdn,, = ffliill;o:i as Well as fRduo~: ffliﬁ;cc. Aslimy [ Redv,, = fRiduc <
+00, we need to show that limy [ Rdvae = [ Rdpu.. To prove so, observe that R(x) is
constant on each P € P., and every n > 0. Indeed, R(x) = ton + R(f"(z)) and
fio"(P) € P.o = PN (q,p). As R is constant on the elements of P, we get that R is

constant on P € P.,,. Therefore,

i [ Rdvor =ty 3" RPeaP) = > Y RPIu(P) = [ R

n=0 PEP.,p, n=0 PEPc,p,

concluding the proof of the claim. m

Using Claim (3] and Claim {4] we can conclude that sup{h,, (f); ¢ € N} > h,(f).
Indeed,

h F lim, h F limy, A F
hgnhua,e(f):hm na,e( )_ 1y na,5< )_ imy 77M( )> h,uo(F)

= = =h .
¢ [ Rdne, limy [ Rdnag [ Rdupy  — [ Rdug wlf)

As we can choose any f invariant probability p, with supppu = [f(cy), f(c2)], to

construct i, and as sup{h,(f); p € M (f) and supp p = [f(cy), f(c)]} = hiop(f), we
get that

SuP{hu(f) Y UAS Mc} = htoz?(f)a

where
M, = {ptas; 1 € MI(f) with supp = [f(c:), f(e)],a € (0,1) and ¢ € N}

Claim 5. There are K > 0 and o € (c,q) such that |log|z — || > KR.(x) for every

z € (¢, z0).
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Proof of the claim. As f is non-flat, there is 1 < 6; < 65 and a > 1 such that

(1/a)(z — )" < f(x) = fley) < alz — c)V/*

for every @ > ¢. As f(c;) = cand 0 < f'(f7(cy)) < +oo for every 1 < j < ¢, there
exist b > 1 and dy > 0 such that

(1/8)(w — V% < fo(z) — ¢ < bz — )%,
Taking 1 < 0] < 61 <60y <0 and 0 < ) < Jp small, we get that
(& = )% < o) — e < (w =)V
for every ¢ < x < ¢+ §). Hence, taking g = (fto\(cvc%{)))_l, we have
(v — )% < g() — ¢ < (v — )

and so

n

(z— )" < g"(z) —c < (x— )",

Let ng be the smaller n > 1 such that P.,, C (¢, f(c+4()). Taking v = sup P, ,,, we
get that P,,, = [¢" " (y), g" ™ (7)) for every n > ng. Thus, (y—c)% < |z —c| < (y—¢)
for z € P.,, and

(n—ngq)

(=" <o =] < (v = )T,
For every x € P, ,, and n > ng. This means that
log(1/(y — ¢))(6) ") < [log o — ¢f| <log(1/(y — ¢))(65) "+,

x € P., and n > ng. As R.(P.,) = n, if we take ny > ng such that (6])" > n for every

n>ny, K= W log(#) and xg = sup P, ,,+1 = inf P, ,,, then
llog |z — ¢|| > K ¢, > KR, ()

for every ¢ < x < xg. n

As

1
R.duge > ——— | Rdng, =+
/J fout fRd’f]a,z/ ot = T

and c is the unique pole of R., we conclude that fx R.(2)djie, = 00 and so,

E(C,Io)

[ gk elldiac> [ Ttogle = clda >
z€[0,1] z€(c,x0)

> K/ R.(z)dptg,e = +00.
z€(e,z0)
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Note that, if 0 < ap < a1 < 1, then vy, (P.p) # Vayo(P.p) for any n > (. In
particular, vy, ¢ # Va, 0. As R. is exact, F, is orbit-coherent (see Lemma 2.6 of [Pi20]).
Thus, it follows from Theorem B of [Pi20] that an ergodic F-invariant probability p has at
most one F.-lift. That is, setting Y = {v € M (F,) ; v is F, ergodic and [ R.dv < +o00},
we have that -

Us v ﬁ ; ; FI(0|pny) € M(F)
is injective. Therefore, 1o, ¢ # 7a, ¢ and, by the same argument, (o ¢ # fla, - This implies
that M = {tar; @ € (0,1) and £ > 1} is uncountable. Finally, it follows from f be non-
flat that there are constants ¢, ¢y, co > 0 such that —cy + ¢1|log |z — ¢|| < log|f'(z)| <
co + 2| log |z — || for every = € [0,1]\ {c} and so [log|f’|dia, = +00. Hence, it follows
from Birkhoff and the ergodicity of pa, that lim, £ log(f")(z) = lim, = >0 log(f!
fi(x)) = [log|f'|dpae = +00 for ps, almost every z.
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