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Abstract. We prove that chaotic flows (i.e. flows that satisfy the shadowing property and have a dense subset of
periodic orbits) satisfy a reparametrized gluing orbit property similar to the one introduced in [7]. In particular,
these are strongly transitive in balls of uniform radius. We also prove that the shadowing property for a flow and
a generic time-t map, and having a dense subset of periodic orbits hold for a C0-Baire generic subset of Lipschitz
vector fields, that generate continuous flows. Similar results also hold for C0-generic homeomorphisms and, in
particular, we deduce that chain recurrent classes of C0-generic homeomorphisms have the gluing orbit property.

1. Introduction

We will say that a continuous flow is chaotic if it has a dense set of periodic orbits and it satisfies the
shadowing property. In this paper we prove that continuous flows with a dense set of periodic orbits and the
shadowing property satisfy a reparametrized gluing orbit property (see Section 2 for definition). The later
implies that such flows are strongly transitive: the shortest hitting time from a ball to any other ball of the same
radius is uniformly bounded above by a constant depending only on the radius. In this time-continuous setting
one cannot expect to deduce all the flows to be topologically mixing. Indeed, any Anosov flow obtained as time
one suspension flow of an Anosov diffeomorphism is chaotic but is clearly not topologically mixing. Since the
minimal requirement for a vector field to generate a flow (by uniqueness of solution of an ordinary differential
equation) is the Lipschitz regularity of the vector field, we will consider throughout X0,1(M) as the space of
Lipschitz continuous vector fields on a compact Riemannian manifold M endowed with the C0-topology.

Our main goal here is to study the transitivity of C0 flows generated by Lipschitz vector fields and to establish
a weaker counterpart of Oxtoby-Ulam theorem: C0-generic flows are topologically transitive. Recall that
Oxtoby and Ulam proved that generic volume-preserving homeomorphisms are ergodic (see e.g. [2]). For that
purpose we first establish a criterium for strong transitivity, that relies on the denseness of periodic orbits and the
shadowing property. Briefly, any continuous flow with denseness of periodic orbits and the shadowing property
satisfies a reparametrized gluing orbit property, a weakening of the notion of specification (cf. Theorem 1)
which implies on a strong transitivity condition. We refer the reader to [6] for many examples of flows with
the reparametrized gluing orbit property. Based on this, we prove that both the denseness of periodic orbits
and the shadowing property are C0-generic on vector fields that generate continuous flows (cf. Theorem 2 and
Theorem 4), extending previous results by Coven, Maden, Nitecki [8] and Kościelniak, Masur, Odani, Pilyugin
and Plamenevskaya [13, 14, 17, 19] to the continuous-time setting. We also prove that generic time-t maps of
C0-generic vector fields are homeomorphisms that have the shadowing property (see Theorem 3 for the precise
statement). Finally, observing that the criterium established in Theorem 1 also holds for homeomorphisms, we
deduce that C0-generic homeomorphisms satisfy the gluing orbit property (hence are strongly transitive) on
each chain recurrent class.
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This paper is organized as follows. In Section 2 we introduce some definitions and state our main results
providing a sufficient condition so that a strong transitivity property for flows holds (Theorem 1). Our results
on the genericity of shadowing and denseness of periodic orbits for continuous flows correspond to Theorem 4
and Theorem 2, respectively. Sections 4, 5 and 6 are devoted to the proof of the main results.

2. Basic definitions

2.1. Vector fields and flows. Let M be an n-dimensional Riemaniann closed manifold (n ≥ 2). For L > 0
let X0,1

L (M) stand for the set of Lipschitz continuous vector fields X : M → T M with Lipschitz constant ≤ L.
We endow X0,1

L (M) with the C0-topology, say X ∈ X0,1
L (M) is ε-C0-close to a vector field Y ∈ X0,1

L (M) if
maxx∈M ‖X(x) − Y(x)‖ < ε. The topological space

(
X

0,1
L (M),C0

)
is Baire and so any C0-generic set, i.e. a set

containing a countable intersection of C0-dense and C0-open sets, is C0-dense. We denote by (Xt)t the flow
associated to X ∈ X0,1

L (M). Notice that contrary to the set X0,1(M) the set X0,1
L (M) is closed and does not have a

vector space structure. Clearly, Xt : M → M is a lipeomorphism (i.e. a Lipschitz map with Lipschitz inverse)
for all t ∈ R.

Given a flow (Xt)t on M we say that p ∈ M is a non-wandering point for (Xt)t if for any neighborhood U
of p and any τ > 0, there exists |T | > τ such that XT (U) ∩ U , ∅. Let us denote by Ω(X) ⊆ M the set of
non-wandering points of (Xt)t. Given X ∈ X0,1

L (M) let Sing(X) denote the set of singularities of X (p ∈ M is
a singularity of X if X(p) = ~0), and let R(X) := M \ Sing(X) denote the set of regular points. We say that
p ∈ R(X) is periodic if there exists τ > 0 such that Xτ(p) = p. We denote by Per(Xt) ⊆ R(X) the set of all
periodic points. A local section to X at p ∈ R(X) is any smooth (n − 1)-submanifold Σp passing through p,
diffeomorphic to a ball and transversal to X(p), say TpΣp ⊕ X(p) = TpM. If the diameter of Σp is sufficiently
small the map Pt

X(p) : Σp → Xt(Σp) given by Pt
X(p)(q) = Xt(q) is well-defined and is called a Poincaré map.

Due to the possible presence of singularities, the diameter of local cross sections could be very small. Given a
regular point p, we consider balls B(p, r) ⊂ Σp centered in p and with radius r and with respect to the induced
vector field in the submanifold Σp. Given r > 0 and τ > 0 we define a (r, τ, p)-flowbox for (Xt)t by:

FX,τ(B(p, r)) := {Xt(q) : q ∈ B(p, r), t ∈ [0, τ]} = {Pt
X(q) : q ∈ B(p, r), t ∈ [0, τ]}.

Let Np ⊂ TpM denote the normal fiber at X(p), that is, the subfiber spanned by the orthogonal complement
of X(p). We denote by N ⊂ T M the normal bundle which, of course, is only defined on R(X). Now, let
Σ⊥p and Σ⊥Xt(p) be two (n − 1)-dimensional manifolds contained in M whose tangent spaces at p and Xt(p),
respectively, are Np and NXt(p). In the case that (Xt)t is a C1-flow, for each t ∈ R we consider the tangent
map DXt : TRM −→ TRM which is defined by DXt(p, v) = (Xt(p),DXt(p) · v) and let ΠXt(p) be the canonical
projection on NXt(p). The linear map

Pt
X(p) : Np → NXt(p)

v 7−→ ΠXt(p)DXt(p) · v

is called the linear Poincaré flow at p associated to the vector field X. Still in the case of smooth vector fields,
we say that the periodic orbit OXt (p) of period ` is hyperbolic if the eigenvalues of P`X(p) do not intersect the
unit circle.

2.2. Shadowing, reparametrized gluing orbit property and strong transitivity. In what follows we intro-
duce the shadowing properties we will consider for continuous flows on compact manifolds.

Let us fix real numbers δ > 0 and T > 1. We say that a pair of sequences [xi, ti]i∈Z, where xi ∈ M, ti ∈ R,
1 ≤ ti ≤ T , is a (δ,T )-pseudo-orbit of (Xt)t if d(Xti(xi), xi+1) < δ for all i ∈ Z. For the sequence (ti)i∈Z we write,
σ(n) = t0 + t1 + . . .+ tn−1 if n > 0, σ(n) = −(tn + . . .+ t−2 + t−1) if n < 0 and σ(0) = 0. Let x0 ? t denote a point
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on a (δ,T )-chain t units time from x0. More precisely, for t ∈ R, x0 ? t = Xt−σ(i)(xi) if σ(i) ≤ t < σ(i + 1).
By Rep we denote the set of all increasing homeomorphisms τ : R → R, called reparametrizations, satisfying
τ(0) = 0. Fixing ε > 0, we define the set

Rep(ε) =

{
τ ∈ Rep :

∣∣∣∣∣τ(t) − τ(s)
t − s

− 1
∣∣∣∣∣ < ε, s, t ∈ R

}
,

of the reparametrizations ε-close to the identity. In rought terms, a reparametrization τ : R → R belongs to
Rep(ε) whenever the slopes formed by any two points in its graph belong to the interval (1 − ε, 1 + ε). This is
the case e.g. if τ is C1-smooth with derivative everywhere in the interval (1 − ε, 1 + ε).

Definition 2.1. Let (Xt)t be a continuous flow on a compact manifold M and Λ ⊂ M be a (Xt)t invariant
subset. The flow (Xt)t is said to have the shadowing property on Λ if, for any ε > 0 and T > 1 there exists
δ = δ(ε,T ) > 0 such that for any (δ,T )-pseudo-orbit [xi, ti]i∈Z there is x̃ ∈ Λ and a reparametrization τ ∈ Rep(ε)
such that

d(Xτ(t)(x̃), x0 ? t) < ε, for every t ∈ R. (2.1)

If, in addition, for any (δ,T )-periodic pseudo-orbit [xi, ti]i∈Z (i.e. there exists n ∈ N so that (xi, ti) = (xi+n, ti+n)
for all i ∈ Z) there is x̃ ∈ Λ∩Per(Xt) and a reparametrization τ ∈ Rep(ε) such that (2.1) holds then we say that
(Xt)t has the periodic shadowing property on Λ.

In the case that Λ = M the previous notion corresponds to the classical notion of shadowing for flows. For
simplicity reasons we will just say that the (δ,T )-pseudo-orbit [xi, ti]i∈Z is ε-shadowed by some orbit of X if
property (2.1) holds. A related but significantly different notion is the shadowing property for time-t maps of
the flow.

Definition 2.2. Let (Xt)t be a continuous flow on a compact manifold M and Λ ⊂ M be a (Xt)t invariant subset.
Given t ∈ R, we say that the time-t map Xt has the shadowing property on Λ if, for any ε > 0 there exists
δ = δ(ε, t) > 0 such that for any δ-pseudo-orbit [xi]i∈Z of Xt there is x̃ ∈ Λ such that

d(Xkt(x̃), xk) < ε, for every k ∈ Z. (2.2)

It is clear from the definition that not all time-t maps satisfy the shadowing property (if t = 0 then the map
Xt is the identity map). Moreover, the impossibility of using reparametrizations makes the previous condition
harder to verify in general. In what follows we will consider a property, weaker than specification, that allows
to build true orbits for a flow that shadow a prescribed finite number of pieces of orbits up to a bounded time
lag.

Definition 2.3. Let (Xt)t be a continuous flow on a compact manifold M and Λ ⊂ M be a (Xt)t invariant subset.
We say that (Xt)t has the reparametrized gluing orbit property on Λ if for any ε > 0 there exists K = K(ε) ∈ R+

such that for any points x0, x1, . . . , xk ∈ M and times t0, t1, . . . , tk ≥ 0 there are p0, p1, . . . , pk−1 ≤ K(ε), a
reparametrization τ ∈ Rep(ε) and a point y ∈ Λ so that d(Xτ(t)(y)), Xt(x0)) < ε for every t ∈ [0, t0] and also
d(Xτ(t+

∑i−1
j=0 p j+t j)(y), Xt(xi)) < ε for every t ∈ [0, ti] and 1 ≤ i ≤ k. If, in addition, there exists pk ≤ K(ε) so that

the point y ∈ Λ can be chosen periodic satisfying Xτ(
∑k

j=0 p j+t j)(y) = y then we say that (Xt)t has the periodic
reparametrized gluing orbit property.

This notion is an extension of the original notion of gluing introduced by Bomfim and Varandas in [7]. Let
us remark that the reparametrization τ above satisfies τ(t + p1) − τ(t) ≤ (1 + ε)p1 ≤ (1 + ε)K(ε). Moreover,
the later does not imply topologically mixing (in fact it is satisfied by irrational rotations, minimal flows on tori
and circle extensions over expanding maps [6]) but implies the following strong transitivity condition.
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Definition 2.4. Let (Xt)t be a continuous flow on a compact manifold M and Λ ⊂ M be a (Xt)t invariant subset.
We say that (Xt)t is strongly transitive on Λ if for any ε > 0 there exists sε > 0 so that for any two balls B1, B2
of radius ε and such that Bi ∩ Λ , ∅ (i = 1, 2), there exists a point x ∈ Λ so that {Xt(x) : t ∈ [0, sε]} intersects
both B1 and B2. We say that (Xt)t is strongly transitive if the flow is strongly transitive whenever Λ = M.

Finally we need to recall the notion of chain recurrence. Given a continuous flow (Xt)t on a compact manifold
M and x, y ∈ M, we say that x ∼ y if for any δ > 0 and T > 1 there exists a (δ,T )-pseudo-orbit [xi, ti]i=1...k such
that x1 = x and Xtk (xk) = y. It is not hard to check that ∼ is an equivalence relation. Each of the equivalence
classes of ∼ is called a chain recurrence class. Chain recurrence classes are disjoint, compact and invariant
subsets of M. The set of all chain recurrent points encloses the topological complexity of the dynamics and
every non-wandering point is also chain recurrent. We refer the reader e.g. [3] for more details.

3. Statement of the main results

Let us state our main results. It is known that suspension flows over homeomorphisms with a discrete-time
version of the gluing orbit property and associated to continuous roof functions that satisfy some distortion
control satisfy the gluing orbit property (cf. [7, Theorem F]). Our first result here provides a criterium for prov-
ing strong transitiveness of a flow using the reparametrized gluing orbit property for flows with the shadowing
property and the denseness of periodic points.

Theorem 1. Let (Xt)t be a continuous flow on a compact manifold M and let Λ ⊂ M be a compact (Xt)t-
invariant set. Assume that the periodic orbits Per(Xt) are dense in Λ. If C ⊂ Λ is a chain recurrent class so that
the restriction of (Xt)t to C satisfies the (periodic) shadowing property (Definition 2.1) then either C consists of
a periodic orbit for the flow or (Xt)t has the (periodic) reparametrized gluing orbit property.

The following is an easy consequence of the previous theorem by recalling that on a connected manifold if
the non-wandering set coincides with the whole manifold, then x ∼ y for any two given points.

Corollary 1. Let (Xt)t be a continuous flow on a compact and connected manifold M satisfying the shadowing
property (Definition 2.1) and so that M = Per(Xt). Then (Xt)t has the reparametrized gluing orbit property
and, in particular, it is strongly transitive.

Some comments are in order concerning the hypothesis of Theorem 1. First, the north-pole south-pole flow
on the circle S1 satisfies: (i) the shadowing property on the non-wandering set Ω(X) and (ii) the periodic points
are dense in Ω(X). Nevertheless, it is not transitive (hence cannot satisfy the reparametrized gluing orbit prop-
erty). This justifies our chain recurrence assumption in Theorem 1 and emphasizes that the shadowing property
seldom implies on these gluing orbit properties. Second, it is easy to observe that the proof of Theorem 1 yields
the following statement for discrete time dynamics. If Homeo(M) denotes the space of homeomorphisms on a
compact manifold M, f ∈ Homeo(M) satisfies the shadowing property and C ⊂ M is a chain recurrent class for
f such that Per( f ) is dense in C then f satisfies the gluing orbit property on C. Thus, the following becomes a
direct consequence of [8, 15]:

Corollary 2. Let M be a Riemannian manifold. There exists a C0-residual subset R ⊂ Homeo(M) such that if
f ∈ R and C ⊂ M is a chain-recurrent class for f then f |C satisfies the gluing orbit property.

The previous result motivates the question of wether specification holds on chain recurrent classes of C0-
generic homeomorphisms.

As we will see below, the previous result is suitable to deal with the ‘majority’ of the flows generated by
Lipschitz vector fields (endowed with the C0-topology). In more regular topologies, the shadowing property
is not expected to hold in general (see e.g. [22]). The next result deals with one of the two hypotheses of
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Theorem 1. We will prove that C0-generically the closure of the set of periodic orbits coincides with the non-
wandering set. Here, we build over [4] and prove a similar result for the space of Lipschitz continuous flows
endowed with the C0-topology.

Theorem 2 (C0-general density theorem). Let M be a compact manifold. There exists a C0-residual subset
of vector fields X in X0,1

L (M) so that every such vector field X has a dense set of periodic orbits in the non-
wandering set. In particular, there exists a C0-dense subset of vector fields X in X0,1(M) so that every such
vector field X has a dense set of periodic orbits in the non-wandering set.

Theorem 4 deals with the remaining hypothesis of Theorem 1. But first we present the following result on
the C0-genericity of shadowing for time-t maps:

Theorem 3 (C0-genericity of shadowing for time-t maps). Let M be a compact manifold of dimension larger
than 2. Then there exists a C0-residual subset R ⊂ X0,1

L (M) so that for every vector field X ∈ R there exists a
residual subset T ⊂ R such that if (Xt)t is a flow generated by X ∈ R and t ∈ T then the time-t map Xt satisfies
the shadowing property (Definition 2.2 with Λ = M).

We also prove that there exists a C0-residual subset of vector fields with the shadowing property. More
precisely,

Theorem 4 (C0-genericity of shadowing for flows). Let M be a compact manifold of dimension larger than
2. Then there exists a C0-residual subset in X0,1

L (M) so that all generated flows satisfy the shadowing property
(Definition 2.1 with Λ = M).

In virtue of Theorem 1, Theorem 2 and Theorem 4 we obtain the following immediate consequence:

Corollary 3. Let M be a compact manifold of dimension larger than 2. Then there exists a C0-residual subset
in X0,1

L (M) so that all generated flows have a dense subset of periodic orbits and satisfy the shadowing property.
In particular, the following properties hold:

(i) for every L > 0 there exists a C0-residual subset of vector fields in X0,1
L (M) that are strongly transitive

in every chain recurrent class of the non-wandering set; and
(ii) there exists a C0-dense subset of vector fields in X0,1(M) that are strongly transitive in every chain

recurrent class of the non-wandering set.

4. Chaotic flows are strongly transitive: Proof of Theorem 1

Our purpose here is to prove Theorem 1. Let (Xt)t be a continuous flow on a compact manifold M and let
Λ ⊂ M be a compact (Xt)t-invariant set such that Per(Xt) = Λ. Assume that C ⊂ Λ is a non-trivial chain
recurrent class or, in other words, assume that C does not consist of a unique periodic orbit for the flow. We
need the following:

Lemma 4.1. For any T > 1 and δ > 0 there exists a set of periodic orbits Z = {θ1, θ2, . . . , θm} ⊂ C ∩ Per(Xt)
so that the following property holds: given any points x, y ∈ C there exists n < m and a (δ,T )-pseudo orbit
[xi, ti]n

i=0 so that x0 = x, xn = y and xi ∈ Z for every 0 < i < n.

Proof. Fix T > 1 and δ > 0. Using that every chain recurrent class is compact, there are points z1, z2, . . . , zl ∈ C
such that B(z1, δ/4) ∪ B(z2, δ/4) ∪ . . . ∪ B(zl, δ/4) ⊃ C. If

B(zi, δ/4) ∩ B(z j, δ/4) ∩C , ∅ (i < j),

by denseness of periodic points we can choose a point z j
i ∈ Per(Xt) ∩ B(xi, δ/4) ∩ B(x j, δ/4). Since chain

recurrence classes are compact and isolated, reducing δ if necessary we may assume such periodic points
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belong to C. As Per(Xt) is dense in C then every periodic orbit for the flow is not isolated, meaning each of
these are accumulated by distinct periodic orbits. Let Z0 be the collection of periodic points z j

i chosen above
and, for notational simplicity, just write Z0 = {θ0

1, θ
0
2, . . . , θ

0
m0
} ⊂ Per(Xt).

By construction, for any two points x, y in C there exists 1 ≤ ` ≤ m0 and there exists a sequence (yi)i=1...`−1
of periodic points in Z0 in such a way that

d(X1(x), y1) < δ/2, d(y`−1, X−1(y)) < δ/2 and d(yi, yi+1) < δ/2 for all 1 ≤ i ≤ ` − 2. (4.1)

We will build a finite set Z ⊃ Z0 so that every two points in C can be connected by a (δ,T )-pseudo-orbit
formed by points in Z . Let πi > 0 denote the period of θ0

i for every 1 ≤ i ≤ m0. For every such periodic point
θ0

i there exists pi/qi ∈ Q
+ sufficiently close to πi in such a way that

d(θ0
i , X

pi(θ0
i )) = d(Xqiπi(θ0

i ), Xpi(θ0
i )) < δ/2.

Consider the set
Z = {X j(θ0

i ) : θ0
i ∈ Z0, 0 ≤ j ≤ pi}

and write it, for simplicity, just as Z = {θ1, θ2, . . . , θm}, where m =
∑m0

i=1(pi +1) = m0 +
∑m0

i=1 pi. Recalling (4.1),
now consider the (δ,T )-pseudo-orbit [xi, ti] connecting x, y defined by:

{(xi)i} = {x, y1, X1(y1), . . . Xp1−1(y1), y2, X1(y2), . . . Xp2−1(y2), . . . , y`−1, · · · , Xp`−1−1(y`−1), X−1(y)}

and times
{(ti)i} =

{
1, 1, . . . , 1︸  ︷︷  ︸

p1

, 1, . . . , 1︸  ︷︷  ︸
p2

, . . . 1, . . . , 1︸  ︷︷  ︸
p`−1

, 1
}
.

The number n < m stated in the lemma is given by n = 2 +
∑`−1

i=1 pi. �

Let us proceed to prove the reparametrized gluing orbit property for the flow on the chain recurrent class
C in the case that k = 2 (we present this case for clarity since the general case is completely analogous and,
despite technically involving, contains no extra difficulties). Fix ε > 0 and T > 1. By the shadowing property
on Λ, there is δ = δ(ε,T ) > 0 such that every (δ,T )-pseudo-orbit is ε/2-shadowed by some true orbit of (Xt)t
up to a reparameterization τ ∈ Rep(ε/2).

Let Z = {θ1, θ2, . . . , θm} be given by Lemma 4.1 associated to δ(ε,T ) > 0 and T > 1 and define

K = K(ε, δ,T ) := (π1 + π2 + . . . + πm),

where πi > 0 is the prime period of θi. In order to prove that the flow (Xt)t satisfies the reparametrized gluing
orbit property fix x, y ∈ C and tx, ty > 0 arbitrary. According to Lemma 4.1 there exists a (δ,T )-pseudo orbit
[yi, ti]`i=0 connecting the points y0 = Xtx(x) and yn = y formed only by a number 1 ≤ n ≤ m of periodic points
in Z . We use this fact to consider the finite (δ,T )-pseudo-orbit [xi, ti]i connecting Xtx−[tx]−1(x) and X[ty]+1(y)
defined by:

{(xi)i} =
{
Xtx−[tx]−1(x), Xtx−[tx](x), Xtx−[tx]+1(x), . . . , Xtx−1(x), y0, y1, y2, . . . , yn, X1(y), X2(y), . . . , X[ty](y), X[ty]+1(y)

}
and times

{(ti)i} =
{

1, . . . , 1︸  ︷︷  ︸
[tx]+1

, 1, . . . , 1︸  ︷︷  ︸
n+1

, 1, . . . , 1︸  ︷︷  ︸
[ty]

}
,

where [t] stands for the integer part of t. By the shadowing property on Λ, definition of δ and the uniform
continuity discussed above, there exist z ∈ Λ ∩C and τ ∈ Rep(ε/2) so that

d(Xτ(t)(z), Xt(x)) < ε for every t ∈ [0, tx]
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and
d(Xτ(tx+p+t)(z), Xt(y)) < ε for every t ∈ [0, ty]

where p > 0 is given by the winding time near the periodic orbits. Since τ ∈ Rep(ε/2) ⊂ Rep(ε) then
τ(t1 + p) − τ(t1) ≤ (1 + ε)p ≤ (1 + ε) K(ε). The proof of Theorem 1 follows by uniform continuity of the flow
(Xt)t on the compact interval of time [0, 1],

Remark 4.1. If the flow (Xt)t satisfies the periodic shadowing property (on M), there are finitely many chain-
recurrent classes (Ci)1≤i≤k and ε = mini, j d(Ci,C j) > 0, then the previous argument shows that any two pieces
of orbits in a chain recurrent class C can be shadowed by the trajectory of some periodic point x ∈ C up to
ε/2-distance.

5. The C0-general density theorem: Proof of Theorem 2

This section is devoted to the proof of Theorem 2. We begin by noticing that it is enough to prove the General
Density Theorem in the case of vector fields in X0,1(M) instead of X0,1

L (M). Actually, Theorem 2 will follow
immediately by intersecting a C0-residual in X0,1(M) in which the General Density Theorem holds with the
space X0,1

L (M). This intersection is indeed a C0-residual in X0,1
L (M). Next we give an overview of the strategy

for the proof of the General Density Theorem for vector fields in X0,1(M):
(i) Since the proof uses a topological fixed point index argument, in §5.1, we begin by presenting some

useful definitions;
(ii) In §5.2 we obtain a result (Lemma 5.1) which assures the existence of a C0-residual R where the

periodic orbits are permanent. This guarantees that the map P defined by P(X) = Per(Xt) for X ∈
X0,1(M) is lower semicontinuous in R. In particular, the continuity points of P|R form a residual
subset of R;

(iii) In §5.3 we prove two C0-closing lemmas (Corollary 5.4 and Lemma 5.7). Corollary 5.4 will be enough
to complete the proof of Theorem 2. The sharper Lemma 5.7 shows how to simultaneously close
several segments of orbits by small C0-perturbations. This will be crucial to prove the C0-genericity of
shadowing (Theorem 3 and Theorem 4);

(iv) Finally, a simple continuity argument using (ii) and (iii) will complete the proof of Theorem 2.

5.1. Fixed point index and index of periodic orbits. Given a continuous map f on a compact manifold M,
we will recall the fixed point index used in [8]. Let B be an open ball on M whose boundary ∂B is a embedded
sphere and assume that either (i) f (B) ∩ B = ∅, or (ii) f (B) ∪ B is contained in a single coordinate chart. If, in
addition, f has no fixed points in ∂B then the fixed point index ι f (B) is defined as follows:

(1) ι f (B) = 0, if f (B) ∩ B = ∅; and
(2) ι f (B) = deg(γ), in the case that f (B)∪B is contained in a single coordinate chart, where deg(γ) denotes

the Hopf degree of the map γ : ∂B ' S n−1 → S n−1 which is defined (after a change of coordinates) by

γ(x) =
f (x) − x
‖ f (x) − x‖

.

This notion is independent of the choice of local coordinates and it is locally constant in a small neighborhood
of the continuous mappping f (see e.g. [10]). In [9], Fuller introduced a notion of index for periodic orbits for
continuous flows in the same vein of the fixed point index for continuous maps. Given a continuous flow (Xt)t
generated by a vector field X ∈ X0,1(M) consider the set

Π(X) = {(p, t) ∈ M × R+ : Xt(p) = p} ⊂ M × R+.
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Given an open set Ω ⊂ M that does not contain any singularity of X, the open set Ω×]t1, t2[⊂ M × R+ is called
admissible for X if ∂(Ω×]t1, t2[) ∩ Π(X) = ∅. A periodic orbit γ with period π is isolated if it has an open
neighborhood in M × R+ where γ is the unique periodic orbit for X. Clearly, any isolated periodic orbit admits
admissible neighborhoods. Moreover, given an isolated periodic orbit γ (period q > 0), any p ∈ γ, and any
local cross section Σ passing through p, the Fuller index of γ is defined by

i( X,Ω×]t1, t2[ ) =
ιPX (Ω ∩ Σ))

m

where m = q/π is the multiplicity of γ (π > 0 is the prime period of γ), PX : Σ → PX(Σ) ⊂ Σ denotes the
Poincaré return map and ιPX (Ω ∩ Σ) is the index of any Poincaré return map defined in the open neighborhood
Ω ∩ Σ of the fixed point p for PX . The most important property for our purposes is that i(X,Ω×]t1, t2[) , 0
implies on the existence of a non-trivial periodic orbit with non-empty intersection with Ω and a period in the
range ]t1, t2[. We refer the reader to [10, 9] for the proofs and other properties of these indexes.

5.2. Permanence of periodic orbits. We recall the notion of permanence from topological dynamics. Recall
that for any given vector field X ∈ X0,1(M) we denote by (Xt)t the flow generated by X. We say that a closed
orbit γ of a flow (Xt)t is permanent if for any vector field Y ∈ X0,1(M), C0-arbitrarily close to X, the flow (Y t)t
has a periodic orbit γ̃ near γ. Let P(Xt) denote the set of all permanent closed orbits of (Xt)t. We need some
instrumental results.

Lemma 5.1. There exists a C0-residual subset R of X0,1(M) such that Per(Xt) = P(Xt), for any X ∈ R.
Moreover, the residual subset R contains the space of C1 Kupka-Smale vector fields denoted by KS 1(M).

Proof. Through the proof let X0,1(M) be endowed with the C0-topology. We borrow some arguments from [8]
together with the theory of index for periodic orbits described in §5.1.

We make use of the denseness of Kupka-Smale vector fields as we now describe. Recall that KS 1(M) is a
C1-residual subset of the Baire space (X1(M), ‖ · ‖C1) (see [16]), thus, it is C1-dense in X1(M). In consequence,
KS 1(M) is C0-dense in X1(M). Since X1(M) is C0-dense in X0,1(M) then we conclude that KS 1(M) is C0-dense
in X0,1(M). In particular there exists a C0-dense set of vector fields in X0,1(M) such that all periodic orbits are
persistent.

We proceed to prove that there exists a C0-residual R ⊂ X0,1(M) such that any closed orbit of a vector field
in R is permanent. We begin by taking a countable base for the topology {Bi}i∈N of M consisting of open balls
whose boundaries are embedded spheres.

The index of periodic orbits will play a crucial role along the proof since, in rough terms, the existence of
non-zero index on a set assures the existence of a periodic orbit that intersects that set and, moreover, displaying
non-zero index persists under C0-perturbations of the vector field. We define, for every i, n ∈ N, the following
disjoint C0-subsets Fi,n,Ii,n of X0,1(M) in the following way:

(1) X ∈ Fi,n if Xt(x) , x for all x ∈ Bi and all t ∈]0, n];
(2) X ∈ Ii,n if there exists B j with diam(B j) < diam(Bi) and such that Xt(x) , x for all x ∈ ∂B j and all

t ∈]0, n], and i( X,Bi×]t1, t2[ ) , 0 for some 0 < t1 < t2 ≤ n.

By Gronwall’s inequality the map X0,1(M)× (0, t] 3 (X, s) 7→ Xs ∈ Homeo(M) is continuous and, consequently,
the sets Fi,n and Ii,n are C0-open subsets of X0,1(M).

We claim that KS 1(M) ⊂ Fi,n ∪Ii,n and, in particular, Fi,n ∪Ii,n is a C0-open and dense subset of X0,1(M)
for all i, n ≥ 1. Indeed, given i, n ≥ 1 fixed and X ∈ KS 1(M) either there are no periodic orbits with period
smaller or equal to n in Bi (in which case X ∈ Fi,n) or there are periodic orbits with period smaller or equal to
n in Bi. In the later case, since the periodic orbits are hyperbolic, hence isolated, we have that X ∈ Ii,n.
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Now we claim that the C0-residual subset R :=
⋂

i,n≥1[Fi,n ∪Ii,n] ⊂ X0,1(M) satisfies the requirements of
the lemma. Let us show that Per(Xt) = P(Xt). Take X ∈ R and γ ∈ Per(Xt) of period a and any Bi which
intersects γ. Since X ∈ Fi,n ∪Ii,n and γ intersects Bi then there exist n ∈ N and B j with diam(B j) < diam(Bi),
such that Xt(x) , x for all x in the boundary of B j and all t ∈]0, n], and the corresponding index is non-zero.
Since this property is persistent for small C0-perturbations of the original vector field we get that γ is permanent.
This finishes the proof of the lemma. �

5.3. The C0-closing lemma on X0,1(M) and homogeneity. In order to simplify our exposition we first recall
the flowbox theorem for Lipschitz vector fields proved by Boldt and Calcaterra:

Lemma 5.2. [5, Theorem 4] If p is a non-singular point for a Lipschitz vector field X ∈ X0,1(M), (Xt)t is the
flow generated by X and (T t)t is the trivial flow on R × Rn−1 defined by T t(s, z) = (s + t, z) then the following

holds: there exists δ > 0, an open neighborhood Uδ of p and a lipeomorphism ϕ : Uδ → [0, δ] × B(~0, δ) (here
B(~0, δ) denotes the usual ball in Rn−1) so that ϕ◦Xt(x) = T t◦ϕ(x) for every x ∈ Uδ and t ∈ R so that Xt(x) ∈ Uδ.

In the notation of the previous flowbox theorem, given 0 < r < δ we will consider also the flowbow
‘cylinders’ FX,δ(B) := ϕ−1((0, δ) × B), for B ⊂ B(~0, δ)), and the local cross-section Σp := ϕ−1({0} × B(~0, δ)) to
the flow (Xt)t at p. We will now prove a simple perturbation lemma that will be instrumental.

Lemma 5.3 (C0-Perturbation Lemma for Lipschitz vector fields). Let X ∈ X0,1(M), let p ∈ R(X), Σp be a local
cross-section through p and let ϕ be the lipeomorphism given by Lemma 5.2. Assume there exists a C1-arc
γ : [0, δ] → Σp with constant speed ν (hence of length νδ) such that γ(0) = p and γ(δ) = q. Then there exists
C > 0 so that for any η > νδ, any open tubular neighborhood B ⊂ Σp of diameter smaller than η containing
γ and any ε > 0 there exists a vector field Y such that: (a) Y ∈ X0,1(M); (b) Y is Cη(1 + ε)-C0-close to X; (c)
Yδ(p) = Xδ(q) and (d) Y = X outside FX,δ(B).

Proof. Assume that q , p otherwise the proof is trivial. Up to consider the lipeomorphism ϕ conjugating (Xt)t

with the trivial (T t)t we may also assume without loss of generality that (Xt)t is the trivial flow on [−δ, δ]×B(~0, δ)
given by in the flowbox coordinates (t, z) ∈ R × Rn−1 by Xs(t, z) = (t + s, z). Thus the result will follow

immediately if we prove the lemma on [−δ, δ] × B(~0, δ) and take C > 0 given by uniform continuity of the
lipeomorphism ϕ−1.

Take an arbitrary η > νδ and open tubular neighborhood B ⊂ Σp of diameter smaller than η containing γ. Fix
an open set B1 ( B1 ( B containing γ and ε > 0. Consider a C1 increasing reparametrization α : [0, δ]→ [0, δ]
so that α′(0) = α′(δ) = 0 and ‖α‖C1 ≤ 1 + ε and a C1 bump-function β : B(~0, δ) → [0, 1] such that β = 1 inside
B1 and β = 0 outside B. We define the vector field Y in the flowbox coordinates (s, z) by Y = X + P where
X = (1, 0, . . . , 0) and

P(s, z) =
(

0, β(z) [γ(α(s))]′
)

=
(

0, α̇(s)β(z) γ̇(α(s))
)
. (5.1)

The items (c) and (d) are trivially satisfied by construction. Notice also that the C1-vector field P is so that
‖P‖ ≤ ν(1 + ε). In consequence, if (Pt)t denotes the flow generated by P, since the vector fields X and P

commute then ‖Xt(s, z) − Y t(s, z)‖ = ‖Pt(s, z) − (s, z)‖ ≤ νδ(1 + ε) < η(1 + ε) for every (s, z) ∈ [−δ, δ] × B(~0, δ)
and all values of t ∈ [0, δ] for which the expression is well defined. So (b) follows. Finally, observe that since

Y = X+P is a C1-vector field on [−δ, δ]×B(~0, δ) the resulting vector field on M, obtained via the lipeomorphism
ϕ, belongs to X0,1(M). This proves (a) and completes the proof of the lemma. �

The C0-closing lemma for flows generated by Lipschitz vector fields (Corollary 5.4) and the homogeneity
property (used in Lemma 5.7) will play a crucial role in the proof of the general density theorem.
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Figure 1. Perturbation lemma (on the left) and open neighborhood of γ on Σp (on the right)

Corollary 5.4. (C0-closing lemma for Lipschitz vector fields) Let X ∈ X0,1(M) and p ∈ Ω(X) be a non-singular
point. Then, for every ε > 0 there exists a vector field Y ∈ X0,1(M) which is ε-C0-close to X, coincides with X
outside of a small open neighborhood of p, and such that the flow generated by Y has a periodic orbit p̃ so that
d(p, p̃) < ε.

Proof. If p is periodic for (Xt)t we are done. Otherwise, since p ∈ Ω(X) is a non-singular point, for any
0 < r < δ and corresponding flowbow FX,δ(B(~0, r)) = ϕ−1((0, δ) × B(~0, r)) associated to p there exists T > 0
such that XT (Σp) ∩ Σp , ∅ where Σp = ϕ−1({0} × B(~0, r)). Consequently, just pick 0 < r < δ small (it is enough
that 4Cr < ε) so that the perturbated vector field Y ∈ X0,1(M) guaranteed by Lemma 5.3 is ε-C0-close to the
vector field X and it admits a periodic orbit that intersects FX,δ(B(~0, r)). This proves the corollary. �

We proceed to analyze the homogeneity property for C0-vector fields, which is of independent interest. We
will need the following result.

Lemma 5.5. (see [2, Proposition 2]) Let M be a compact boundaryless manifold endowed with a metric d of
dimension n ≥ 2. Given any η > 0, there exists δ > 0 such that if {(xi, yi)}ni=1 are n pairs of distinct points such
that d(xi, yi) < δ for every i = 1, ..., n, then there exists a family of n pairwise disjoint topological balls {Bi}

n
i=1

in the interior of M, with diam(Bi) < η and so that xi, yi ∈ Bi, for every i = 1, ..., n.

The homogeneity property among Lipschitz vector fields can be stated as follows.

Lemma 5.6 (Homogeneity property by Lipschitz vector fields). Let M be a compact boundaryless manifold
of dimension n > 2. Given ε > 0 there exists δ > 0 so that for any given n ≥ 1 and pairs of distinct points
{(xi, yi)}ni=1 satisfying d(xi, yi) < δ for all i = 1, ..., n there exists a vector field Y ∈ X0,1(M) such that ‖Y‖0 < ε

and Yδ(xi) = yi, for every i = 1, ..., n.

Proof. Fix ε > 0. Taking η = ε in Lemma 5.5, there exists δ = δ(ε) > 0 so that for any n pairs {(xi, yi)}ni=1 of
distinct points satisfying d(xi, yi) < δ for every i = 1, ..., n, there are n pairwise disjoint topological balls {Bi}

n
i=1

with diam(Bi) < ε and xi, yi ∈ Bi, for every i = 1, ..., n. This will allows us to perform n disjointly supported
small perturbations of the null vector field.

Given 1 ≤ i ≤ n arbitrary, since xi, yi ∈ Bi and diam(Bi) < ε there exists a C1-curve γi : [0, 1] → Bi so that
γi(0) = xi, γi(1) = yi and ‖γ′i (t)‖ < ε for all t ∈ [0, 1] (and consequently has length smaller than ε). Then, it is
standard procedure to use bump-functions to obtain a Lipschitz vector field Y ∈ X0,1(M) so that Y(γi(t)) = γ′i (t)
for every t ∈ [0, 1] and 1 ≤ i ≤ n, extends Lipschitz continuous to a tubular neighborhood of each γi, is the null
vector field elsewhere and ‖Y‖0 < ε. �

Similar methods will be used later on also to prove that the shadowing property is C0-generic. For that we
need the following key lemma, in which proof we combine the strategy of the two previous results.
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Lemma 5.7 (Simultaneous closing lemma for Lipschitz vector fields). Let M be a compact boundaryless man-
ifold of dimension n > 2 and X ∈ X0,1(M) be a vector field. Given ε > 0 there exists δ > 0 so that for any given
n ≥ 1 and pairs of distinct points {(xi, yi)}ni=1 satisfying d(xi, yi) < δ for all i = 1, ..., n there is a vector field Y so
that:

(a) Y ∈ X0,1(M);
(b) Y is Cε(1 + ε)-C0-close to X, where C > 0 is given by uniform continuity of the lipeomorphism ϕ−1 in

Lemma 5.2;
(c) Yδ(xi) = Xδ(yi) for every i = 1, ..., n and
(d) Y = X outside of the tubular flowbox FX,δ(Bi), for every i = 1 . . . n.

Proof. Fix ε > 0. Take η = ε and let δ = δ(ε) > 0 be given by Lemma 5.5. Thus, if {(xi, yi)}ni=1 is a set formed
by n pairs of distinct points such that d(xi, yi) < δ for every i = 1, ..., n, then there exists a family of n pairwise
disjoint topological balls {Bi}

n
i=1 with diam(Bi) < ε and xi, yi ∈ Bi, for every i = 1, ..., n. We want to make

a simultaneous perturbation supported in length-δ flowboxes which sends xi into yi for all i = 1, ..., n. Since
the sets Bi are disjoint we can ensure that length-1 flowboxes are also pairwise disjoint. Using Lemma 5.6, for
each i = 1, ..., n, we obtain a vector field Yi such that: (a) Yi ∈ X

0,1(M); (b) Yi is Cη(1 + ε)-C0-close to X; (c)
Y1

i (xi) = X1(yi) and (d) Yi = X outside FX,δ(Bi). We define the vector field

Y(x) =

{ Yi(x) if x ∈ FX,δ(Bi)

X(x) outside ∪n
i=1 FX,δ(Bi),

which satisfies all the requirements in the lemma. �

5.4. Proof of Theorem 2. Let M? be the set of compact subsets of M endowed with the Hausdorff topology.
We need the following semicontinuity result.

Lemma 5.8. Let X0,1(M) be endowed with the C0-topology. Then the map

P : X0,1(M) → M?

X 7→ Per(Xt)

is lower semicontinuous on the residual R given by Lemma 5.1.

Proof. We must prove that for any X ∈ R, and any ε > 0 there exists a neighborhood V of X such that
P(Y) ⊆ Bε(P(X)) for all Y ∈ V , or in other words there are no implosions of the set of closed orbits when we
C0-perturb X. But Lemma 5.1 says that Per(Xt) = P(Xt) and the proof follows immediately from the definition
of permanent closed orbits. �

We are now in a position to prove the General Density Theorem. Since the map P : X0,1(M)→ M? defined
by P(X) = Per(Xt) is lower semicontinuous on R (by Lemma 5.8) then the continuity points of P|R form a
residual subset R1 ⊂ R. Thus, to prove the theorem it is enough to show that Ω(X) = Per(Xt) for every vector
field X ∈ R1. Assume, by contradiction, that there exists a vector field X ∈ R1 such that Ω(X)\Per(Xt) , ∅ and
take p ∈ Ω(X) \ Per(Xt). Lemma 5.3 guarantees that X can be C0-approximated by a vector field Y1 ∈ X

0,1(M)
so that p ∈ Per(Y t

1). One can perform an extra C0-small perturbation of Y1 so that the resulting vector field
Y2 ∈ X

0(M) has p as a periodic sink for Y2. Since the C1 Kupka-Smale diffeomorphisms are contained in R
(cf. Lemma 5.8) and are C0-dense in X0,1(M), the later proves that X can be arbitrarily C0-approximated by
some C1 Kupka-Smale vector field Y3 ∈ R with a periodic point p̃ arbitrarily close to p. This is in contradiction
to the fact that X is a continuity point of P |R . This proves that Ω(X) = Per(Xt) and completes the proof of the
theorem.
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6. C0-generic vector fields satisfy the shadowing property: Proof of Theorems 3 and 4

After the contributions from Pilyugin, Plamenevskaya and Kościelniak [19, 14], it is well known that the
shadowing property holds C0-generically on the space of homeomorphisms on typical compact metric spaces
(we refer the reader e.g. to [14, 18] for the precise requirements on the metric spaces). In the present section
we adapt the later arguments to deduce the shadowing property for C0-generic flows and time-t maps.

6.1. Proof of Theorem 3. Throughout let M be a compact Riemmanian manifold of dimension larger than 2.
Let (Xn)n be a countable and C0-dense set of vector fields in X0,1

L (M). The proof of the theorem has two steps.
Firstly, we prove that the shadowing property occurs densely on the time-t maps (Proposition 6.3). Here, while
the strategy for the proof of the later is borrowed from [14], the technical difficulty relies in the realization of
perturbed homeomorphisms as time-t Poincaré maps of continuous flows. Secondly, we prove that one can
extend the times in R for which the shadowing property holds from a dense to a residual subset.

We begin by considering a very useful simple version of a result by Zgliczynski and Gidea [23] which we
apply to time-ti Poincaré maps of a given flow. But first let us present some notation.

We say that N = (|N |,N`,Nr) is a h-set in Rn−1 if |N | = [a, b] × Dn−2
r , N` = (−∞, a] × Rn−2 and Nr =

[b,∞) × Rn−2 for some a, b ∈ R. We consider the left and right edges N`e = |N | ∩ N` and Nre = |N | ∩ Nr,
respectivelly. Given two h-sets N and M and a continuous map Pt

X : |N | → Rn−1, we say that N Pt
X-covers M

if:
(A) Pt

X(|N |) ⊂ Int|M|∪M`∪Mr, and eitherPt
X(N`e) ⊂ IntM` andPt

X(N`r) ⊂ IntMr or elsePt
X(N`e) ⊂ IntMr

and Pt
X(N`r) ⊂ IntM`; or

(B) Pt
X(|N |) ⊂ Int|M|.

The covering relation of type (A) is denoted by N
Pt

X
=⇒ M and the covering relation of type (B) is denoted by

N
Pt

X ,0
=⇒ M.

Theorem 6.1. (Zgliczynski and Gidea, [23, Theorem 4]) If

N0
P

t1
X

=⇒ N1
P

t2
X

=⇒ N2
P

t3
X

=⇒ . . .
P

tk
X

=⇒ Nk (or N0
P

t1
X ,0

=⇒ N1
P

t2
X ,0

=⇒ N2
P

t3
X ,0

=⇒ . . .
P

tk
X ,0

=⇒ Nk),

then there exists x ∈ Int|N0| such that Pti
X · . . .P

t2
X · P

t1
X (x) ∈ Int|Ni| for all i ∈ {1, ..., k}.

We are going to generalize Kościelniak strategy [14] to prove the C0-genericity of shadowing from the
discrete to the continuous-time case. For suitable partitions, Kościelniak performed small perturbations of a
given homeomorphism in order to be under the covering relation of Theorem 6.1 after the perturbation, thus
obtaining the C0-denseness of the setup of Theorem 6.1. As we previously said our novelty here is to perform
C0 perturbation of the flow and the next result is a key step.

Lemma 6.2 (C0-Realization of Poincaré maps). Let X ∈ X0,1(M), let p ∈ R(X) and ϕ be the lipeomorphism
given by Lemma 5.2. Let be given τ ≥ 1, a well-defined Poincaré map PτX(p) : Σp → Xτ(Σp) and an homeo-
morphism h : Xτ(Σp)→ Xτ(Σp) isotopic to the identity and equal to the identity in an annulusA ⊂ Xτ(Σp) with
the outer boundary of A coinciding with ∂Xτ(Σp). Then, if ∆ stands for the diameter of Xτ(Σp) and the width
ofA is ∆

10 there exists a vector field Y such that:

(a) Y ∈ X0,1(M);
(b) Y is ∆-C0-close to X;
(c) PτY (z) = h ◦ PτX(z) for all z ∈ Σp \ A and
(d) Y = X outside the flowbox FX,τ(Σp).
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Proof. Up to consider the lipeomorphism ϕ conjugating (Xt)t with the trivial flow we may assume that (Xt)t is

the trivial flow on [0, τ] × B(~0, δ) ⊂ R × Rn−1, for δ = ∆
2 > 0, given in the flowbox coordinates by Xs(t, z) =

(t+s, z). Such a Lipschitz change of coordinates may be done in such a way that ϕ(p) = ~0, Σp = {0}×B(~0, δ) and,

consequently, Xτ(Σp) = {τ} × B(~0, δ). For notational simplicity, we keep the notationA for ϕ(A) and consider

the homeomorphism hϕ : {τ} × B(~0, δ) → {τ} × B(~0, δ) isotopic to the identity induced by the homeomorphism
h and the change of coordinates ϕ. Let α : R → [0, 1] be a C∞ bump-function such that α |(−∞,τ−1] (t) ≡ 0,
α |[τ,+∞)≡ 1 and |α̇| ≤ 1 for all t ∈ R. Consider the isotopy:

H : [0, τ] × B(~0, δ) → B(~0, δ)
(t, z) 7→ α(t)hϕ(z) + (1 − α(t))z

and a C∞ bump-function β : Rn−1 → [0, 1] such that β(z) = 0 if ‖z‖ ≥ δ and β(z) = 1 if ‖z‖ ≤ 9δ
10 . We define, for

s ∈ [0, τ] and z ∈ {0} × B(~0, δ), the flow that in the flowbox coordinates is given by

Φs(0, z) = (s, β(z)H(s, z)). (6.1)

Taking time derivatives on (6.1) we obtain

d
ds

Φs(0, z) = (1, α̇(s)β(z)(hϕ(z) − z)). (6.2)

This defines, using (6.2) and in flowbox coordinates, a vector field

Y(s, z) = (1, α̇(s)β(z)(hϕ(z) − z)) = X + P, (6.3)

where P(s, z) = (0, α̇(s)β(z)(hϕ(z)− z)). Now, since Y defined in (6.3) is a vector field in X0,1(M) then (a) holds.
As ‖P‖ ≤ 2δ we obtain directly (b). Item (d) is trivial by construction. Finally, integrating the vector field Y
we obtain the flow (Y t)t which is such that Y s(0, z) = Φs(0, z) for every z ∈ B(~0, δ). Now, in terms of Poincaré

maps PτY (z) = β(z)h(τ, z) = h(τ, z) = α(τ)h(z) + (1 − α(τ))z = h(z) = h ◦ PτX(z), for z ∈ {0} × B(~0, δ) \ X−τ(A)
because PτX(z) is the identity. This proves that (c) holds and finishes the proof of the lemma. �

Now we are ready to prove our main step:

Proposition 6.3. There exists a C0-residual subset R ⊂ X0,1(M) and a dense setD ⊂ R so that if (Xt)t is a flow
generated by some vector field X ∈ R and t ∈ D then the time-t map Xt satisfies the shadowing property.

Proof. Let D ⊂ R \ {0} be a countable and dense subset. We claim that for every t ∈ D there exists a residual
subset Rt ⊂ X

0,1(M) so that the time-t map Xt of the flow generated by X ∈ Rt has the shadowing property.
Clearly R = ∩t∈DRt is the desired C0-residual subset. In order to prove the claim we follow the strategy of [14].

Fix t ∈ D. For any ε > 0 let Rt,ε ⊂ X
0,1(M) be the space of vector fields X for which there exists a

triangulation Q of M with diameter smaller than ε > 0 and there is r ∈ (0, 1) such that:

(1) for all A, B ∈ Q either Xt(A) ∩ B = ∅ or the intersection Xt(A) ∩ B has non-empty interior; and
(2) for every A, B ∈ Q so that the intersection Xt(A) ∩ B has non-empty interior there exists an (n − 1)-

dimensional section Σ and a (sectional) cube V = [a, b] × Dn−2
r ⊂ Int(A) ∩ Σ for some segment [a, b] ⊂

[−r, r] such that V
Pt

X
=⇒ [−r, r] × Dn−2

r ⊂ B ∩ Xt(Σ) , where Dd
r denotes the d-dimensional closed ball

with radius r and Pt
X denotes the Poincaré map from the local cross-section Σ to its image Pt

X(Σ) (see
Figure 2 below).
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Figure 2. A covering relation for the Poincaré map at time t.

By a direct application of Gronwall’s inequality, the time-t map of a flow varies continuously with respect to
the underlying generating vector field. Then it is clear that for any ε > 0 the set Rt,ε is C0-open in X0,1(M). We
need a perturbation result for flows in order to guarantee its denseness. More precisely:

Claim 1: For any t ∈ D and ε ∈ Q+ the set Rt,ε is C0-dense in X0,1(M).

Proof of Claim 1. Fix X ∈ X0,1(M). It is easy to obtain (1) above for an arbitrary small C0-perturbation of the
vector field. However, to obtain (2) it is technically intricate. Since C1 Kupka-Smale vector fields are C1 dense
in X1(M) and X1(M) is C0 dense in X0,1(M), up to an arbitrary small C0 perturbation, we may assume without
loss of generality that X satisfies (1) and has a finite number of singularities.

We are able to obtain the C0-denseness of property (2) by taking in consideration Kościelniak perturbations
(see Lemma 2.1 and Lemma 2.2 of [14]) inside the cross sections that define a Poincaré map at time-t at some
regular point, together with our Lemma 6.2. Indeed, assume there are A, B ∈ Q so that the intersection Xt(A)∩B
has non-empty interior, p is a regular point at A so that Xt(p) ∈ B (the existence of p follows from the fact that
there are finitely many singularities for the vector field X) and let Σ be a small (n − 1)-dimensional section at p

where the covering relation V̂
Pt

X
=⇒ [−r, r] × Dn−2

r does not hold for any (sectional) cube V̂ ⊂ Int(A) ∩ Σ. By a
Kościelniak’s type perturbation (cf. [14, Lemma 2.1]) there exists a segment [a, b] ⊂ [−r, r], a (sectional) cube
V = [a, b] × Dn−2

r ⊂ Int(A) ∩ Σ and an homeomorphism h : Pt
X(Σ)→ Pt

X(Σ) in such a way that

V
h◦Pt

X
=⇒ [−r, r] × Dn−2

r .

Recalling the realization Lemma 6.2, there exists a vector field Y ∈ X0,1(M) that is C0-close to X and such that

Pt
Y = h ◦ Pt

X . In other words, the covering relation V
Pt

Y
=⇒ [−r, r] × Dn−2

r holds. Since there are finitely many
pairs of elements A, B ∈ Q, we conclude that property (2) holds for a vector field in X0,1(M) obtained from X
by a finite number of arbitrary small C0-perturbations. This proves the claim. �

The remaining of this proof mimics the argument in [14]. It is clear that the set

Rt :=
⋂
n≥1

Rt, 1
n

is a C0-residual subset of X0,1(M). Moreover, if X ∈ Rt and ε > 0 let Q be a a triangulation Q of M with
diameter smaller than ε so that (1) and (2) above hold.
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Taking 0 < δ < min d(Xt(A), B), where the minimum is taken over all A, B ∈ Q such that Xt(A)∩B = ∅ (which
depends on ε and Q), the following property holds: if (xi)i∈Z is a δ-pseudo orbit and Qi denotes the element of
Q that contains xi, for i ∈ Z, then by definition of δ-pseudo orbit we have Xt(Qi) ∩ Qi+1 , ∅. By construction
of the residual set Rt, we may change the points (xi)i∈Z slightly in such a way that it is still a δ pseudo-orbit and
it is formed by regular points for X ∈ Rt. Then, Theorem 6.1 and a simple compactness argument guarantees
the existence of a point x̃ ∈ M that ε-shadows the pseudo-orbit (with respect to the homeomorphism Xt), which
finishes the proof of the Proposition 6.3.

�

The next step in the proof of Theorem 3 is to deduce that there exists a residual subset of times t in R for
which every time-t map of flows in a C0-generic subset of vector fields has the shadowing property. For that
purpose we revisit the proof of Proposition 6.3.

For any ε > 0 and t ∈ D the set Rt,ε is C0-open and dense. Let (Xn)n≥1 be a countable and dense set in R.
Since Xn ∈ Rt,ε, there exists an open neighborhood Vt,ε,n ⊂ X

0,1
L (M) of Xn and an open interval In,t,ε ⊂ R so that,

for every s ∈ In,t,ε and Y ∈ Vt,ε,n, the homeomorphism Y s satisfies properties (1) and (2). Observe that⋃
n≥1

Vt,ε,n
(
resp. R̂ :=

⋂
ε∈Q+

⋂
t∈D

[⋃
n≥1

Vt,ε,n
])

is a C0-open and dense (resp. C0-residual) subset of vector fields. Moreover, if X ∈ R̂ then for any ε ∈ Q+,
t ∈ D there exists n = n(ε, t) ≥ 1 and It,n,ε ⊂ R so that the homeomorphism Xs satisfies (1) and (2) above
for all s ∈ It,n,ε. In particular, the homeomorphism Xs satisfies (1) and (2) at scale ε for all s in the set⋃
{It,n(ε,t),ε : t ∈ D}, which is open and dense in R. Taking the intersection over all ε ∈ Q+ this proves that the

shadowing property holds for a generic time-t map of flows associated to vector fields in R̂. This finishes the
proof of Theorem 3.

6.2. Proof of Theorem 4. The proof of the first part of the theorem is similar to the one of Theorem 3. For that
reason we will sketch the proof and detail the key differences. First we decompose the space of all δ-pseudo
orbits according to their length

PO(δ) =
⋃
j≥1

⋃{
PO(δ, (t0, t1, . . . , t j)) : ti ≥ 1

}
,

where PO(δ, (t0, t1, . . . , t j)) denotes the space of δ-pseudo orbits [xi, ti]
j
i=0, and observe that it is enough to con-

sider the shadowing property for a countable and dense subsetD ⊂ R \ {0} of lengths ti. Given (t0, t1, . . . , t j) ∈
D j we claim that there exists a residual subset of vector fields X ∈ R(t0,t1,...,t j) whose flows satisfy the shadowing
property for (t0, t1, . . . , t j)-pseudo orbits. More precisely, given ε > 0 and ti ≥ 1 (1 ≤ i ≤ j) we say that
X ∈ Rε,(t0,t1,...,t j) if there exists a triangulation Q of M with diameter smaller than ε and there is r ∈ (0, 1) such
that:

(1) for all A, B ∈ Q either Xti(A) ∩ B , ∅ or the intersection Xti(A) ∩ B has non-empty interior for all
0 ≤ i ≤ j; and

(2) for every A, B ∈ Q so that the intersection Xti(A) ∩ B has non-empty interior there exists an (n − 1)-
dimensional section Σ and a (sectional) cube V = [a, b] × Dn−2

r ⊂ Int(A) ∩ Σ for some segment [a, b] ⊂

[−r, r] such that V
P

ti
X

=⇒ [−r, r] × Dn−2
r ⊂ B ∩ Xt(Σ) , where Dd

r denotes the d-dimensional closed ball
with radius r and Pti

X denotes the Poincaré map from Σ onto its image Pti
X(Σ), for all 1 ≤ i ≤ j.

A straightforward adaptation of the arguments used in the proof of Claim 1 is enough to deduce that for every
ε > 0 and t0, t1, . . . , t j > 0 the set Rε,(t0,t1,...,t j) is a C0-open and dense subset. As an immediate consequence, the
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set
R =

⋂
ε∈Q+

⋂
(t0,t1,...,t j)∈D j

Rε,(t0,t1,...,t j) (6.4)

is a C0-residual subset in X0,1(M). Thus, in order to finish the proof of Theorem 4 we are left to prove the
following.

Lemma 6.4. Let R be the C0 residual subset given by (6.4). Every vector field X ∈ R satisfies the shadowing
property.

Proof. Fix arbitrary ε > 0 and T > 1. By compactness of the ambient space it is enough to prove finite
shadowing and we shall do so. Given n ≥ 1 we will prove the shadowing property holds for all pseudo-orbits of
size n. Let Q be a triangulation of the manifold M with diameter smaller or equal to ε so that properties (1) and
(2) hold, and take δ = δ(ε) > 0 be smaller than min d(Xt(A), B) (where the minimum is taken over all A, B ∈ Q
such that Xt(A) ∩ B = ∅ for all t = ti and 1 ≤ i ≤ n). As X ∈ Rε,(t0,t1,...,t j), if [xi, ti]n

i=1 is a δ-pseudo orbit and Qi
denotes the element of Q that contains xi then, by definition of δ-pseudo orbit we have Xti(Qi) ∩ Qi+1 , ∅ for
all 1 ≤ i ≤ n. Then Theorem 6.1 guarantees that there exists x̃ ∈ M so that

d(X
∑k

i=0 ti(x̃), xi+1) < ε

for all 0 ≤ k ≤ i − 1. Using that 1 ≤ ti ≤ T for all 1 ≤ i ≤ n and the uniform continuity of [0,T ] × M 3 (t, x) 7→
Xt(x) we can reduce δ = δ(ε,T ) > 0, if necessary, to guarantee that the trajectories of the points X

∑k
i=0 ti(x̃) and

xi+1 remain 2ε-close for time [0,T ]. This implies on the existence of a reparametrization τ ∈ Rep(ε) such that

d(Xτ(t)(x̃), x0 ? t) < 2ε, for every t ∈ [0, σ( j)].

Since ε was taken arbitrary this completes the proof of the lemma. �
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